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J O I N T  DETERMINATION OF ORBITS OF SPACECRAFT 

AND MOONS OF MARS BY OPTICAL SIGIECING OF THE MOONS 

By Char l e s  €3. Grosch  and  Donald F. Nickel  

The   pr inc ipa l   purpose   o f   th i s   s tudy  is ' t o   i n v e s t i g a t e   t h e   f e a s i b i l i t y  of 
u s ing  the moons of Mars a s   o p t i c a l   t a r g e t s   f r o m   w h i c h   a c c u r a t e   n a v i g a t i o n a l   i n -  
fo rma t ion  may be   de r ived   du r ing   an  unmanned Mart ian  mission.   The  mission  t ra-  
j e c t o r y  i s  f i x e d   t o   b e   h i g h l y   e l i p t i c a l   a n d   h a v e   a n   o r b i t a l   p e r i o d   e q u a l   t o   t h e  
r o t a t i o n a l   p e r i o d  of  Mars. 

Be fo re   cons ide r ing   t he   cen t r a l   p rob lem,   an   i nves t iga t ion  of p o s i t i o n  p e r -  
t u r b a t i o n s  of t h e   s p a c e c r a f t   d u e   t o   t h e  moons themselves is undertaken. An 
a n a l y s i s  is g iven   wh ich   y i e lds   an   approx ima te   so lu t ion   w i thou t  undue  numerical 
computa t ion .   Numer ica l   r e su l t s   a r e   t hen   p re sen ted .  It was found t h a t   t h e  
p o s i t i o n   p e r t u r b a t i o n s  of t h e   s p a c e c r a f t   a r e   a l m o s t   e n t i r e l y   d u e   t o  Phobos  and 
a r e  a qu i t e   compl i ca t ed   func t ion  of t h e   p a r t i c u l a r   s p a c e c r a f t   o r b i t   c h o s e n .  A 
s imple   phys i ca l   exp lana t ion  of t h e   r e s u l t s  is g iven   wh ich ,   t o  a c e r t a i n   e x t e n t  , 
e n a b l e s   o n e   t o   p r e d i c t   t h e   p e r t u r b a t i o n s   o v e r   a n y   g i v e n   s p a c e c r a f t   o r b i t .  

The a v a i l a b i l i t y  of moon s i g h t i n g s  i s  f i r s t   c o n s i d e r e d .  Even though a moon 
may b e   w i t h i n   t h e   i n s t r u m e n t ' s   f i e l d  of  view, i t  may w e l l  be   undetectable   be-  
cause of M a r s - s c a t t e r   s u n l i g h t .  It was found  tha t  Deimos is  g e n e r a l l y   d e t e c t -  
a b l e   w i t h   s u f f i c i e n t   f r e q u e n c y ,   b u t   i n   o r d e r   t o   d e t e c t  Phobos a s u f f i c i e n t  
number of times, a time i n t e r v a l  of approximately  e ighty  days i s  r e q u i r e d .  

Two s p a c e c r a f t   o r b i t s   a r e   t h e n   s t u d i e d   i n   d e t a i l   t o   d e t e r m i n e   t h e   n a v i g a -  
t ion   accuracy   which   can   be   ach ieved  by t h e  moon s i g h t i n g   w i t h   t h e  recommended 
scanning   ins t rument .   Naviga t ion ,   here ,  i s  used t o  mean the   de t e rmina t ion  of 
t h e   t r a j e c t o r i e s  of t h e   s p a c e c r a f t  , t h e  two  moons,  and t h e   p o t e n t i a l  of Mars. 
It was f o u n d   t h a t   i f   t h e   d i r e c t i o n   t o   e a c h  moon can  be  measured  with  an  accuracy 
of one   a r c   minu te ,   t hen   t he   pos i t i on   accu racy  of t h e   s p a c e c r a f t  and  Deimos is 
a b o u t   f i v e  km, b u t   s i n c e  Phobos is  s i g h t e d  less f r e q u e n t l y ,  i t s  pos i t i on   accu -  
r acy  is  abou t   t en  km. The  accuracy of t h e   c o e f f i c i e n t  of t h e  lower harmonics is 
about  f The h ighe r   ha rmon ics   a r e  more poorly  determined  because of t h e  
r e l a t i v e l y   h i g h   a l t i t u d e s  of t h e   t h r e e   b o d i e s .  It is  recommended t h a t   t h e y   n o t  
b e   t r e a t e d   a s  unknowns. 

To compute a moon d i r e c t i o n   i n  a prefer red   coord ina te   sys tem  f rom  the  
moon t r a n s i t s   r e q u i r e s   t h a t   t h e   a t t i t u d e  of t h e   s p a c e c r a f t   b e  known. T h i s   a t t i -  
t ude  is d e t e r m i n e d   f r o m   s t e l l a r   t r a n s i t s  and an  assumed a t t i t u d e   m o t i o n  model. 
The  need  for  a model a r i s e s   hecause   t he   s cann ing   i n s t rumen t   does   no t   de t e rmine  
a t t i t u d e   a t   e a c h   t r a n s i t ;   e a c h   t r a n s i t   p r o v i d e s   o n l y  a c o n s t r a i n t  upon t h e   a t t i -  
tude.  The accuracy of t h e   a t t i t u d e   d e t e r m i n a t i o n  is thus  dependent upon t h e  
d i s t r i b u t i o n  of t he   obse rved   s t a r s ,   t he   accu racy  of the  model,   and t h e  accuracy 
of t he   measu red   t r ans i t s .  



Two s p a c e c r a f t   a t t i t u d e   m o d e l s  were inves t iga t ed .   Bo th  assumed t h a t   t h e  
s p a c e c r a f t  i s  n e a r l y   i n e r t i a l l y   s t a b i l i z e d  by a Sun-Canopus t r ack ing   sys t em,  
b u t   t h e   s p a c e c r a f t   r o l l ,   p i t c h ,   a n d  yaw  may v a r y   l i n e a r l y   o v e r   t h e   d a t a   g a t h e r -  
i n g   i n t e r v a l .   T h e   f i r s t   m o d e l  assumed a f i v e   m i n u t e   i n t e r v a l ,   t h e   s e c o n d  a t e n  
m i n u t e   i n t e r v a l .  

Second   magn i tude   and   b r igh te r   s t a r s   mus t   be   de t ec t ed   t o   ob ta in   su f f i c i en t  
s t e l l a r   t r a n s i t s .   F o r   e i t h e r   a t t i t u d e   m o d e l ,   t h e   a c c u r a c y   w i t h   w h i c h   t h e  moon’s 
d i r e c t i o n   c a n   b e  computed is  somewhat less than  the  one  minute   assumed  in  com- 
p u t i n g   t h e   n a v i g a t i o n a l   e r r o r s .   I f   t h e   f i v e   m i n u t e   i n t e r v a l  model  can  be  used, 
t h e   r e s u l t i n g   e r r o r  is a p p r o x i m a t e l y   f i v e   a r c   m i n u t e s ,   w h i l e  i t  i s  approximately 
t h r e e   a r c   m i n u t e s   i f   t h e   t e n   m i n u t e   i n t e r v a l  model can  be  used.   For   any  case,  
t h e   n a v i g a t i o n   e r r o r s   m u s t   b e   s c a l e d   t o   i n c l u d e   t h e   e f f e c t  of these   ins t rument  
d i r e c t i o n   d e t e r m i n a t i o n   e r r o r s .  

In   comple t ing   t he   s tudy ,   t he   i n s t rumen t   capab le  of a c h i e v i n g   t h e   a c c u r a -  
cies out l ined   above  i s  d e s i g n e d .   I n   a d d i t i o n ,  two instrument   re la ted  problems 
a r e   d i s c u s s e d .  They a r e :  (1) determining a s i g n a l   d e t e c t i o n  and p rocess ing  
system  which  can  operate   over   the  intensi ty   range  produced by t h e   b r i g h t  moons 
and  dim s t a r s ,  and (2) a method of compensa t ing   fo r   t he  moons not   being  point  
t a rge t s .   The  recommended instrument  weighs  seven  pounds,   used 7.9 w a t t s  of 
power  and i s  18.8 inches   l ong   ( i nc lud ing   t he   sunsh ie ld ) .  
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INTRODUCTION 

I n   p r i n c i p l e ,   i f   t h e   d i r e c t i o n s   t o   t h e  moons were measured a t  s e v e r a l  
p o i n t s   a l o n g   t h e   t r a j e c t o r y  of  a s p a c e c r a f t   o r b i t i n g   M a r s ,   t h e s e   d i r e c t i o n s  
w o u l d   b e   s u f f i c i e n t   t o   i m p l y   t h e   t r a j e c t o r i e s  of t h e   s p a c e c r a f t ,   t h e  
t r a j e c t o r i e s   o f   t h e  moons,  and a l s o   v a r i o u s  unknowns a s s o c i a t e d   w i t h   t h e   f o r c e  
f i e l d   n e a r  Mars. The u n d e r l y i n g   a n a l y s i s  is g i v e n   i n   r e f e r e n c e  1 and   ac tua l  
r e s u l t s   u s i n g   o u r  moon d u r i n g   t h e  ATS-I11 mission are g i v e n   i n   r e f e r e n c e  2 .  

I n  many ways ,   the  moons a r e   i d e a l   n a v i g a t i o n a l   t a r g e t s   f o r   u s e  by  a space- 
c r a f t   o r b i t i h g   M a r s .  They  would b e   n e a r l y   p o i n t   t a r g e t s ,   q u i t e   b r i g h t ,   h a v e   n o  
a t m o s p h e r e s   t o   r e f r a c t   t h e   o p t i c a l   l i n e  of s i g h t ,  a n d   h a v e   s u f f i c i e n t   s p r e a d   i n  
t h e i r   p o s i t i o n s  s o  t h a t  a r e l a t i v e l y   s t r o n g   g e o m e t r y   c a n   b e   o b t a i n e d .  However, 
un le s s   t he   mi s s ion  is  r i g i d l y   p l a n n e d   b e f o r e h a n d ,   t h e   d i r e c t i o n  of t h e  moons, a s  
viewed  from  the  spacecrart ,   would  be unknown and   h igh ly   va r i ab le .  

To p r o v i d e   m i s s i o n   f l e x i b i l i t y ,  it was found   necessa ry   t o   cons ide r  a 
s c a n n i n g   r a t h e r   t h a n  a t racking   de tec t ion   and   measur ing   sys tem.   I f  a t r a c k i n g  
system were cons ide red ,   t hen  a v e r y   d i f f i c u l t   a c q u i s i t i o n   p r o b l e m  is p resen ted  
f o r   t h e   f o l l o w i n g   r e a s o n s  : 

It i s  d e s i r a b l e   t o   d e t e c t   b o t h  moons. Moreover, it is d e s i r -  
a b l e   t o   d e t e c t  them simultaneously  even  though  they  might  be 
s e p a r a t e d  by a s  much a s  90°. 

Dur ing   an   ex tended   mi s s ion ,   t he   d i r ec t ions   f rom  the   spacec ra f t  
t o   e a c h  moon vary   cons iderably .   Moreover ,   Mars   i t se l f  w i l l  
h inde r  moon d e t e c t a b i l i t y ,   e i t h e r  by d i r e c t   o b s c u r a t i o n   o r  by 
s c a t t e r i n g   s u n l i g h t .   I n   a n y   e v e n t ,  i t  w i l l  b e   n e c e s s a r y   t o  
r e a c q u i r e   t h e  moons p e r i o d i c a l l y .  

During some p e r i o d s ,   f a v o r a b l e   s i g h t i n g s  of  Phobos  occur 
du r ing  t i m e  i n t e r v a l s   a s   s h o r t   a s   f i f t e e n   m i n u t e s .   T h u s ,  
t he   acqu i s i t i on   p rob lem must   be   so lved   fa i r ly   qu ick ly .  

I f   a d d i t i o n a l  moons , u n d e t e c t a b l e   f r o m   E a r t h ,   a r e   p r e s e n t ,  a 
scanning   sensor  w i l l  have a good  chance of s e e i n g  them. A 
f i x e d   o r   t r a c k i n g   s e n s o r  would n o t .  

Fo r   t hese   r easons ,  a scanning  system whose i n s t a n t a n e o u s   f i e l d  of view is  s m a l l ,  
b u t   w h o s e   e f f e c t i v e   f i e l d  is l a r g e  by v i r t u e  of the   scanning   mot ion ,  was chosen. 
A schematic   of   the   scanning  system  chosen is  shown i n   f i g u r e  1. AS shown i n   t h e  
f i g u r e ,   t h e   o p t i c a l   s y s t e m   e s t a b l i s h e s   t h r e e  s l i t s ;  d e t e c t i o n s  of t h e  moons and 
b r i g h t e r   s t a r s   a r e   t h e n  made by t h e s e  s l i t s  w h i c h   a r e   c a u s e d   t o   r o t a t e   w i t h  
r e s p e c t   t o   t h e   s p a c e c r a f t .  

S p a c e c r a f t   T r a j e c t o r y   a n d   A t t i t u d e  

C e r t a i n  of t h e   p a r a n c e t e r s   a s s o c i a t e d   w i t h   t h e   s p a c e c r a f t ' s   t r a j e c t o r y  and 
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SPACECRAFT 
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FIELD OF VIEW 

Figure  1: The scanning f i e l d  of view. 



a t t i t u d e  were f ixed   dur ing   the   s tudy .   These   f ixed   parameters   a re   as   fo l lows:  

P e r i a p s i s   a l t i t u d e  -- 1000 km 
Per iod  " 24.6228 hr.   (synchronous) 
O r b i t a l   m i s s i o n   l i f e  " 90 days 
I n j e c t i o n  " Oh 6 March 74 = 2,442,120.5 J . D .  

The p e r i a p s i s   a l t i t u d e   a n d   o r b i t a l   p e r i o d   y i e l d   t h e   u n p e r t u r b e d   o r b i t a l  
elements : 

e = 0.78199 
a = 20415.5 km 

The t i m e  of i n j e c t i o n  is not   an   impor tan t   parameter ,  i .e.,  r e s u l t s   t o   b e  shown 
a r e  a weak f u n c t i o n  of t h i s  t i m e .  Th i s  time, however ,   does   p lace   Sa turn   in   the  
i n s t r u m e n t ' s   f i e l d  of view  over  almost  half   of  the  twenty  day  mission.  This 
f a c t  is used   advantageous ly   to   ob ta in  a t a r g e t   f o r   t h e   c o m p u t a t i o n  of the   space-  
c r a f t   a t t i t u d e .  A l l  o t h e r   t a r g e t s   u s e d   f o r   a t t i t u d e   c o m p u t a t i o n   a r e   s t a r s  whose 
magni tudes   a re   b r igh ter   than   2 .2 .  

The a t t i t u d e  of t h e   s p a c e c r a f t  i s  assumed t o   b e   n e a r l y   i n e r t i a l l y   s t a b i l -  
$zed  by a Sun-Canopu? t racking   sys tem.  More s p e c i f i c a l l y ,   c o n s i d e r  a c o o r d i n a t e  
system S5 s u c h   t h a t  k is t h e   a n t i - s u n   d i r e c t i o n   a n d  i5 is  i n   t h e  Sun-Canopus 
plane.  It i s  t h e n  assumed t h a t  a s y s t e m   f i x e d   i n   t h e   s p a c e c r a f t   h a s   a n   o r i e n t a -  
t i o n   w h i c h   v a r i e s   l i n e a r l y   w i t h   r e s p e c t   t o  S5 (i.e.,  t h e   t h r e e   a n g l e s   a r e   l i n e a r  
f u n c t i o n s  of time) over  any t i m e  i n t e r v a l  of l eng th   f i ve   minu te s   and   t en   minu te s  
(two c a s e s ) .   S t e l l a r   t r a n s i t s   a r e   t h e n   g a t h e r e d  by the   ins t rument   and   these  
t r a n s i t s   a r e   u s e d   t o   c o m p u t e   t h e   a t t i t u d e .  

5 

The  assumption  concerning  a t t i tude  model  i s  n o t   j u s t i f i e d   w i t h i n .  Such a 
j u s t i f i c a t i o n   c o u l d   b e  made o n l y   i f   t h e   a t t i t u d e   c o n t r o l   s y s t e m ,   t h e   c o n t r o l  
l aw ,   and   t he   ex te rna l   t o rques  were s p e c i f i e d .   I n   f a c t ,   t h e   a t t i t u d e  model  cannot 
be  chosen  independent of t hese   i npu t s .   Fo r   example ,   i f   t he   ex t e rna l   t o rques   a r e  
s m a l l ,  and the   sys t em  uses   r eac t ion  j e t s  whose  impulses  are known a t  e a c h   f i r i n g ,  
then a b e t t e r   a t t i t u d e  model  would  be a po lygonal   l ine   (each   of   the   th ree  
a n g l e s ) .  The  change i n   t h e   d e r i v a t i v e  of t he   po lygona l   l i ne  i s  a t   t h e  time of a 
f i r i n g  and s p e c i f i e d  by the   impulse   and   the   spacecraf t  moments  of i n e r t i a .  

The  Moons,  Phobos  and Deimos 

Mars has  two sma l l  moons,  Phobos  and  Deimos,  which were d i s c o v e r e d   i n  1877 
t h e  American  as t ronomer  Hal l .   The  sat i r is t ,   Jonathan  Swif t ,   however ,   spoke of 
t he i r   ex i s t ence   and   even   gave  a s u r p r i s i n g l y   a c c u r a t e   d e s c r i p t i o n   o f   t h e   c h a r -  
a c t e r i s t i c s   n e a r l y  two   hundred   yea r s   be fo re   i n   h i s   Gu l l ive r ' s   T rave l s .  

Ear th-based   observa t ions   o f   these  moons a r e   q u i t e   d i f f i c u l t .   O p t i c a l  
s i g h t i n g s   r e q u i r e   a t .   l e a s t  a twelve   inch   aper ture ,  and quant i ta t ive   measurements  
can   on ly   be  made nea r   pe r iods  of  mean o p p o s i t i o n  of  Mars which  occur  roughly 
every  780  days.  A t  t h e s e  times, t h e   o r b i t s  of  Phobos  and  Deimos subtend  tuenty-  
f i v e  and s ix ty- two  seconds  of a r c ,   r e s p e c t i v e l y .  Very r ecen t ly ,   da t a   f rom  on -  
boa rd   op t i ca l   s igh t ings   o f  Phobos dur ing   the   Mar iner  VI1 miss ion  was analyzed.  
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S u r p r i s i n g l y ,  it was  found  that  Phobos ' s  a lbedo  was only 0.067 which is  less 
t h a n   t h a t   g i v e n   f o r   a n y   o t h e r   c e l e s t i a l   b o d y .   T h e   a l b e d o   p r e v i o u s l y  assumed 
f o r  Phobos  was 0.1, which   has   caused   as t ronomers   to   underes t imate   the   s ize  of 
Phobos . 

The  observed   per turba t ions   o f   the   o rb i t s   o f   the  moons have  been  used by 
a s t ronomers   t o   compute   t he  mass  of  Mars  and i t s  dynamic f l a t t e n i n g .  However, 
t h e  m o s t   a c c u r a t e   d a t a   t o   d a t e   h a s   b e e n   s u p p l i e d  by the  Mariner-Mars   f ly-by 
mis s ion .  A s e r i o u s   d i s c r e p a n c y   e x i s t s   b e t w e e n   t h e   f l a t t e n i n g  of  Mars as   impl ied  
by t h e   o r b i t s  of i t s  moons (dynamic f l a t t e n i n g )  and t h e   f l a t t e n i n g   a s   o b t a i n e d  
by d i r e c t   o p t i c a l   m e a s u r e m e n t s .  The  dynamic f l a t t e n i n g  i s  abou t   one - th i rd   t he  
o p t i c a l   f l a t t e n i n g .  No a c c e p t a b l e   r e a s o n   f o r   t h i s   d i s c r e p a n c y   h a s   b e e n   f o u n d ,  
b u t   i f   t h i s   d i s c r e p a n c y   d o e s   e x i s t ,   t h e n   t h e   s u r f a c e  of  Mars i s  f a r  from  being 
a n   e q u i p o t e n t i a l   s u r f a c e .  

S ince  Phobos i s  q u i t e   c l o s e   t o  Mars (2.7 p l a n e t a r y   r a d i i   v e r s u s  6.9 f o r  
Deimos), i t s  o r b i t  i s  s i g n i f i c a n t l y   p e r t u r b e d .  Some inves t ioa to r s   have   r epor t ed  
a n   a c c e l e r a t i o n  of Phobos  along i t s  orb i ta l   pa th   ( .002O/year  5: ) , others   have   no t .  
I f   t h i s   a c c e l e r a t i o n   e x i s t s ,   t h e n  two  mechanisms are   p roposed:   a tmospher ic   d rag ,  
o r  a t i t a l   c o u p l e   a c t i n g   b e t w e e n   a n   e l a s t i c  Mars  and  Phobos.  The  astronomer , 
Shklovsky ,   p roposed   tha t   d rag   does   ex is t ;   in   which   case ,   Phobos   would   sp i ra l   in -  
ward. He c a l c u l a t e d  i t s  r e m a i n i n g   l i f e t i m e   t o   b e   t h r e e   m i l l i o n   y e a r s  -- excep- 
t i o n a l l y   s h o r t   f o r   a n   a s t r o n o m i c   b o d y .  

A t  any   g iven  time, the   accu racy   w i th   wh ich   t he   pos i t i ons  of t h e  moons can 
be  determined  from  present  measurements i s  somewhat d i f f i c u l t   t o   e s t i m a t e .  The 
o rde r  of magnitude of t h e   p o s i t i o n   e r r o r s  i s  500 km i n   t h e   r a d i a l   d i r e c t i o n  
( w i t h   r e s p e c t   t o   t h e   c e n t e r  of Mars), 500 km i n   t h e   d i r e c t i o n   p e r p e n d i c u l a r  t o  
t h e   o r b i t a l   p l a n e ,   a n d   " s e v e r a l  times" t h i s   v a l u e   i n   t h e   a l o n g - t r a c k   d i r e c t i o n .  

A pho tograph ic   s ea rch   fo r   o the r  moons  of Mars  was made a t   t h e  t i m e  of 
o p p o s i t i o n s   d u r i n g   t h e   y e a r s  of 1954,  1956,  and  1958. No new moons were d e t e c t e d  
and it  was concluded   tha t   none   ex is t   wi th  a d i ame te r   g rea t e r   t han   1 .4   k i lome te r s .  

Tables  I - 111 l i s t  t h e   a s t r o n o m i c   c h a r a c t e r i s t i c s o f  Mars  and i t s  moons a s  
used i n   t h i s   s t u d y .  Comments a r e   g i v e n   i n   t h 2   t e x t   c o n c e r n i n g   t h e   a c c u r a c y  of 
s e v e r a l  of the   numer ica l   va lues .  
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TABLE I. 
PHYSICAL  CONSTANTS  FOR MARS 

. .. . . - ~- 
~ ~ 

I R o t a t i o n a l  
F l a t t e n i n g 1   P o t e n t i a l   P e r i o d  

4u 
c50= 
Cz1= 2 x 1 0  

s21=1 x 10 

-5 

-5 

Sp in  Axis 
D i r e c t i o n  

r . a .  = 317.01' 

dec. = 53.09O 

TABLE I1 

ORBITAL  PARAMETERS  OF MARS 
" ~~ 

a = 1.5236915 A.U. 

e = 0.093381 

i = 1.8498387'  (measured  from t h e   e c l i p t i c   p l a n e )  

= 49.3594543O 

w = 335,5863554' 

T i m e  a t   p e r i h e l i o n  = 2,441,890.5 J.D. 

Time a t   a p h e l i o n  = 2,442,230.5 J.D. 

_ _ " ~ _ _  
Constant  

~~ I 

Mass 

R a d i i  (km) 

a (km) 

e 

i ( w i t h   r e s p e c t   t o  
Mar t ian   Equator )  

Per iod   (hrs  .) 
Albedo 

- "~-= 

TABLE I11 

CONSTANTS OF THE MARTIAN SATELLITES 

Phobos 

3.46 x lo1' grams 

R = 9 ,  R = 1 1  e P 
9400 

0.017 

0.95O 

7.6538 

0.067 

Deimos 

4 -32 x 1 O I 8  grams 

4 
23,500 

0.0028 

1.3O 

30.2986 

0.1 





SSMBOLS 

a, e, fl, w ,  i o r b i t a l   e l e m e n t s   o f   s p a c e c r a f t ‘ s   u n p e r t u r b e d   o r b i t  

Pk 
A 

C 

ave rage  num er of stars p e r   s q u a r e   d e g r e e   w i t h i n   t h e   b r i g h t n e s s  
r ange  M + 7 t o  M - + ! 
u n i t   v e c t o r   i n   d i r e c t i o n  of i n s t r u m e n t ’ s   o p t i c a l   a x i s  

cm’ nm S c o e f f i c i e n t s  of sphe r i ca l   ha rmon ics   i n   t he   expans ion  of t h e  
p o t e n t i a l  of  Mars 

a^ 
i 

u n i t   v e c t o r   f r o m   s p a c e c r a f t   t o   i t h  moon (1, 2) c o r r e s p o n d s   t o  
(Phobos , Deimos) 

D e f f e c t i v e   o p t i c a l   a p e r t u r e   d i a m e t e r  

Af 

A 

i 
5 

IS 

;5 - 
2 

N1 
- 

2 
N2 

NB 

- 
R 

sK 

s igna l   ob ta ined   f rom  the   ou tpu t  of a d e t e c t o r   a s  a t a r g e t  
(moon o r   s t a r )   c r o s s  a scanning s l i t  

f i l t e r   n o i s e   e q u i v a l e n t   b a n d w i d t h  

impulse   response  of f i l t e r  

u n i t A v e c t o r   p e r p e n d i c u l a r   t o   a n d   s u c h   t h a t  Canopus is i n  
the i 5 ,  i;5 plane 

peak star s i g n a l   c u r r e n t  

u n i t   v e c t o r   i n   d i r e c t i o n  of i n s t r u m e n t ’ s   s p i n   a x i s  

5 

s h o t   n o i s e  power 

n o i s e  power d u e   t o   s c a n n i n g   t h e   s t e l l a r   b a c k g r o u n d  of s t a r s  
dimmer than   the   th reshold   magni tude  

t o t a l   i n t e g r a t e d   s t a r l i g h t   f r o m   s t a r s  of s ix th   magn i tude  and 
dimmer  which is  expressed as  equ iva len t   t en th   magn i tude   s t a r s  
p e r   u n i t   a r e a   o n   t h e   c e l e s t i a l   s p h e r e  

p o s i t i o n   v e c t o r  of t h e   s p a c e c r a f t   w i t h   r e s p e c t   t o   c e n t e r  of 
mass of Mars 

s l i t  wid th   i n   a r c   minu te s  

t . o t a l  s l i t  a r e a   p r o j e c t e d   o n   t h e   c e l e s t i a l   s p h e r e   a s   s e e n  by 
the   photoca thode   th rough  the  s l i t  p l ane  

p h o t o c a t h o d e   s e n s i t i v i t y   p e r   u n i t   a r e a  of o p t i c a l   a p e r t u r c  f o r  
a zero   magni tude   s ta r   having  a g i v e n   s p e c t r a l   e n e r g y   d i s t r i b u -  
t i o n  
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SYMBOLS - (Continued) 

t 2 

TS 

random time e r r o r   i n   t h e   l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g  

r andom  t ime   e r ro r   i n   t he   t r a i l i ng   edge   t h re sho ld   c ros s ing  

t r a n s i t  t i m e  of  a p o i n t   s t a r  image t o   c r o s s   t h e  s l i t  

f i l t e r   o u t p u t  of t h e   s i g n a l   f ( t )  

o v e r a l l   o p t i c a l   e f f i c i e n c y  

squa re  of t h e   s t a r   i n t e n s i t y   a v e r a g e d   w i t h   r e s p e c t   t o   s t a r  
d e n s i t y  and s t a r   magn i tude   w i th   t he   ave rage   t aken   on ly   fo r  
s t a r s   w h i c h   a r e  dimmer than   the   th reshold   magni tude  M, 

i n i t i a l   t r u e  anomaly of a moon 

c o r r e l a t i o n   c o e f f i c i e n t   f o r  random n o i s e   a m p l i t u d e s   a t  
times t and t 1 2 

f i l t e r   f r e q u e n c y   p a r a m e t e r  

v a r i a n c e  of t h e   s t a r   p u l s e   t r a n s i t  time 

Coordinate   systems:  

e3' a 3  

s1 

s3 

s5 

I n   g e n e r a l  : 

A' 

u o r  u 
a -  

h 

e l e v a t i o n  and az imuth ,   r e spec t ive ly ,  of d -- these   angles   be ing  
measured  with respect t o  S 3 

c e l e s t i a l   c o o r d i n a t e   s y s t e m  

Mars coordinate   system 

Sun-Canopus  system 

is  t h e   t r a n s p o s e  of  a m a t r i x  A 

2mplies i3 u n i t   v e c t o r  

i s  t h e   e r r o r  i n  u 

i s  t h e   s t a n d a r d   d e v i a t i o n  of 6u 
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PERTURBATIONS OF SPACECRAFT'S'TRAJECTORY DUE TO THE MOONS 

I n t r o d u c t i o n  

P e r t u r b a t i o n s   o f   t h e   s p a c e c r a f t ' s   t r a j e c t o r y   d u e   t o   t h e   a t t r a c t i v e   f o r c e s  
gene ra t ed  by t h e  moons is an   impor t an t   cons ide ra t ion ,   no t   because  of t h e  in- 
t r i n s i c  in terest  i n   o b t a i n i n g   p r e c i s e   n u m e r i c a l   v a l u e s ,   b u t   b e c a u s e  of t h e  
d e s i r a b i l i t y   o f  k n o w i n g   w h e t h e r   o r   n o t   t h e s e   p e r t u r b a t i o n s   a r e   s i g n i f i c a n t .   I f  
so, a knowledge   of   the   pos i t ion   o f   the  moons (as a f u n c t i o n  of time) is requ i r ed  
as i n p u t   i n f o r m a t i o n   t o  a t r a j e c t o r y   d e t e r m i n a t i o n   p r o g r a m .   I n   a d d i t i o n ,   i f  
sone known set of i n i t i a l   p a r a m e t e r s   f o r   t h e   s p a c e c r a f t ' s   t r a j e c t o r y   y i e l d   s i g -  
n i f i c a n t   p e r t u r b a t i o n s ,   t h e n   t h i s   i n f o r m a t i o n  would be  of v a l u e   i n   d e f i n i n g   t h e  
mis s ion .   I f ,   however ,  some known set of i n i t i a l   p a r a m e t e r s   y i e l d s   i n s i g n i f i c a n t  
p e r t u r b a t i o n ,   t h e n   t h i s   i n f o r m a t i o n  would b e   e q u a l l y   v a l u a b l e .   T h e   a n a l y s i s  
d e s c r i b e d   i n   t h i s   s e c t i o n  was  performed t o   a s c e r t a i n   t h e   e f f e c t  of t h e   p e r t u r b a -  
t i o n s .  

To f a c i l i t a t e   t h e   a n a l y s i s   t h e   f o l l o w i n g   a s s u m p t i o n s   a r e  made: 

(1 )   The   o rb i t s  of t h e  moons a r e   c i r c u l a r   i n   t h e   e q u a t i o n a l  
p l ane  of  Mars. T h e s e   o r b i t s  will be  unperturbed by t h e  
f o r c e  f i e l d  of t h e   s p a c e c r a f t .  

(2) I f   t h e  moons d i d   n o t   e x i s t ,   t h e   o r b i t  of t h e   s p a c e c r a f t  
would b e  a K e p l e r   e l l i p s e  ( i . e . ,  t he   on ly   pe r tu rb ing  
f o r c e s  on t h e   s p a c e c r a f t   a r e   d u e   t o   t h e  moons). 

(3) Phobos  and  Deimos a r e   b o t h   s p h e r e s  of r a d   i u s  8 and 4 km, 
respec t ive ly ,   and   have  mean d e n s i t i e s   e q u a l   t o   t h a t  of Mars. 

( 4 )  The unperturbed  e lements  a and e o f   t he   spacec ra f t  are  f i x e d  
a t  a = 20415.5 km and e = 0,78199. The e f f e c t   o f   d i f f e r e n t  
sets of 0, u), and i ,  however , is  s t u d i e d .  

Assumption ( 3 )  i s  used t o  compute  the mass of  each moon. S i n c e   t h e  magni- 
t u d e  of t h e   p e r t u r b a t i o n s  of i n t e re s t :  i s  d i r e c t l y   p r o p o r t i o n a l   t o   t h e s e   m a s s e s ,  
an   exp lana t ion  of t h e   v a l i d i t y  of assumption (3) i s  presented  below: 

The v a l u e   u s e d   f o r   t h e  mean d e n s i t i e s  of t h e  moons i s  an   e s t ima t ion .  
It is h ighly   improbable ,   however ,   tha t   the  mean d e n s i t i e s   e x c e e d   t h a t  
of Mars. I n  f a c t  , Redmond and   F i sh   ( r e fe rence  3)  g i v e   t h e   d e n s i t y  of 
c h r o n d i t e   a s   a n   u p p e r  bound  on t h e   d e n s i t y  of  Phobos. 
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Also, t h e   r a d i i  of t h e  moons a r e   e s t i m a t e d   f r o m   t h e i r   o b s   r v e d   b r i g h t -  
ness and  assumed  albedo,  both of which  are   poorly  known(l5.   Since  an 
e r r o r  of 0 .1   in   magni tude   impl ies  a 4 0 %   e r r o r   i n   r a d i u s ,   t h e   c a l c u l a t e d  
r a d i i   a r e   h i g h l y   s e n s i t i v e   t o  small. e r r o r s   i n   t h e   o b s e r v e d   b r i g h t n e s s .  

Table  IV g i v e s  a comparison of v a l u e s  assumed h e r e  and t h o s e   g i v e n  by 
Redmond and  Fish.  It c a n   b e   n o t e d   t h a t   t h e  assumed  mass  of  Phobos is  4.55 
times g r e a t e r   t h a n   t h e   u p p e r  bound g i v e n   i n   r e f e r e n c e   3 .  

TABLE I V  

SOME PHYSICAL  CHARACTERISTICS OF  THE  MOONS OF MARS 

I Phobos 

I Present   S tudy  I Redmond and F i s h  

I Radius (km) I 8.0 1 6 . 4   t o   7 . 8  

Densi ty  (g/cm ) 4.02 2 .8   to   3 .76  3 

Mass ( g )  3.1 t o   7 . 6 ~ 1 0  3.46 x 10 18 

T Deimos 
~~ 

Present   S tudy  

4.0 

4.02 

4.32 x 10 18 

Redmond & F i s h  

not   g iven  

11 

II 

(1) Phobos  was  photographed i n  1969 by Mariner 7 ( r e fe rence  4 ) .  The  a lbedo 
was est imated  to   be  0 .065,   which is " lower   than   tha t  known f o r   a n y   p l a n e t ,  
s a t e l l i t e ,   o r   a s t e r o i d   i n   t h e   s o l a r   s y s t e m " .  I t s  shape was de t e rmined   t o  
be  more  near ly   that  of  a p r o l a t e   s p h e r o i d   w i t h   a n   e q u a t o r i a l   r a d i u s  of 
9 km and a p o l a r   r a d i u s  of 11 km. These  dimensions  imply a volume 2 . 1  
t imes   g rea te r   than   tha t   used   here .   This   in format ion  i s  r e c e n t  and was 
r e c e i v e d   t o 9   l a t e  t o  be used i n   t h e   a n a l y s i s .  However, i t  does   i nd ica re  
t h a t   t h e  mass u s e d   i n   t h i s   s t u d y  i s  probably a s l i g h t   u n d e r e s t i m a t e   r a t h e r  
than a l a r g e   o v e r e s t i m a t e ,  as i s  p red ic t ed  by Redrnond and F i s h .  
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Equat ions of Motion 

Reference is  made t o   f i g u r e  2. Let  
- 
R p o s i t i o n   v e c t o r  of t h e   s p a c e c r a f t   w i t h   r e s p e c t   t o   t h e  

Pi 

c e n t e r  of t h e  mass of Mars 

p o s i t i o n   v e c t o r  of t h e   i t h  moon w i t h   r e s p e c t   t o   t h e  
same c e n t e r  (i = 1 denotes  Phobos,  i = 2 denotes  
Deimos) 

- 

- 
d .  = R - v e c t o r   f r o m   i t h  moon t o   t h e   s p a c e c r a f t  

m mass of i t h  moon (m = 3.46 x 10 grams , 

” 

1 P i  
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i 1 
m2 = 4.32 X 10l8  grams).  

n 
n 

F i g u r e  2: The r e l a t i v e   p o s i t i o n  of Mars,  Phobos,  and  spacecraft 

As shown i n   r e f e r e n c e  5 ,  t h e   e q u a t i o n  of motion of t h e   s p a c e c r a f t  is 
t h e n  .. - m x+@ = 

R3 

where 

G u n i v e r s a l   g r a v i t a t i o n a l   c o n s t a n t  

= Car, M be ing   t he  mass of Mars = 6.4192 x grams 

= 5.5429 x 10l1 km / h r  . 3 2  

13 
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Approximation  of  the  Equation of Motion 

Determina t ion   of   the   per turba t ion   of  a m i n o r   p l a n e t ' s   p o s i t i o n  is  a c l a s s i -  
cal a n d   c e n t r a l   p r o b l e m   i n   c e l e s t i a l   m e c h a n i c s .   T h e   c l a s s i c a l  method  of a t t a c k -  
ing  the  problem is  th rough   t he   LaGrange   equa t ions   wh ich   a r e   t he   d i f f e ren t i a l  
e q u a t i o n s   w h i c h   t h e   o s c i l l a t i n g   o r b i t a l   e l e n e n t s   m u s t   s a t i s f y   i n   t h e   p r e s e n c e  
of a d i s t u r b i n g   f u n c t i o n .   I n   t h e   c l a s s i c a l   t h e o r y ,   a d v a n t a g e  i s  taken of t h e  
f a c t   t h a t   t h e   o r b i t a l   e c c e n t r i c i t y  and i n c l i n a t i o n   a r e   s m a l l .   I n   t h e   c a s e  
u n d e r   s t u d y ,   t h e   e c c e n t r i c i t y  of t h e   s p a c e c r a f t  i s  q u i t e   l a r g e  (e A .8) and a l l  
i n c l i n a t i o n s   a r e  of i n t e re s t .   Hence ,  i t  is  d i f f i c u l t   t o   a p p l y   t h e   c l a s s i c a l  
methods t o   o b t a i n   a n   a p p r o x i m a t e   a n a l y t i c   s o l u t i o n .  However, t h e  method  used 
i n   r e f e r e n c e  6 can   be   app l i ed   t o   r educe   t he   numer i ca l   computa t ions .  

Le t  

w h e r e %   s a t i s f i e s   e q u a t i o n  (1) wi th   t he   r i gh t -hand   s ide   ze ro .   Thus ,   t he  term- 
inus  of x. is  on t h e   r e f e r e n c e   K e p l e r   o r b i t .  

The d i f f e r e n t i a l   e q u a t i o n   s a t i s f i e d  by 1 c a n   b e   w r i t t e n   a s  

0 

- i = F  ( 3  + 
where (x, t )  i s  a sma l l   acce l e ra t ion   wh ich   a r i s e s   because  of t h e   f o r c e s  on 
t h e   s p a c e c r a f t   d u e   t o   t h e   p r e s e n c e  of t h e  moons. An approx ima te   equa t ion   s a t -  
i s f i e d  by & = x - To i s  

where 
- 
- aF is  a 6 x 6 m a t r i x   e v a l u a t e d   a t  Eo (t). - 
ax 

Let  

&E(O) = 0,  t h e n   t h e   s o l u t i o n   t o   e q u a t i o n  (2) i s  

14 
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where 

i(t) = G ( t ) r  P(0) = I air 
ax 

h a n a l y t i c   s o l u t i o n  for @ (t) and @ (t) is g i v e n  by Kochi ( r e fe rence  6). -1 

If is p a r t i o n e d  s o  t h a t  

@ = (it p":) , t h e n   r e f e r e n c e  6 s t a t e s   t h a t  

Hence, t h e   f i r s t   t h r e e  components of equa t ion  (3)  y i e l d  

where 

T h e   i n t e g r a t i o n   i n   e q u a t i o n  ( 4 )  may b e   s i m p l i f i e d .  From t h e   a n a l y t i c  
form of Q (t) it  can be' observed  that   each P . (t)  c a n   b e   w r i t t e n   a s  

1 

! q t )  = q t )  + t B i W  

a r e   p e r i o d i c   w i t h  a p e r i o d   e q u a l   t o   t h a t  of t h e   r e f e r e n c e  Kep le r  orb i t .   Denote  
t h i s   p e r i o d   a s  T.  Also l e t  t = nT + T ,  0 5 T < T. T o  take   advantage  of t h e  
p e r i o d i c i t y  of t h e  cy's and B ' s ,  t h e   i n t e g r a l  is w r i t t e n  

6 ( t )  = cT + s"" + . 
nT 

15 



With l i t t l e  l o s s  of g e n e r a l i t y ,   o n e  may c h o o s e   t h e   i n i t i a l  time a s   t h e  
time a t  w h i c h   t h e   r e f e r e n c e   K e p l e r   p o s i t i o n  i s  a t  i ts p e r i a p s i s .   T h u s ,   t h e  
s p a c e c r a f t   t r a j e c t o r y   a n d  i t s  r e f e r e n c e   t r a j e c t o r y   a r e   c h o s e n   t o   b e   t a n g e n t   a t  

I t h i s  t i m e .  T h e   f o r c e   f i e l d  of t h e  moons w i l l  l a t e r   s e p a r a t e   t h e   t r a j e c t o r i e s  . 
With t h i s   c h o i c e   t h e  form of a ' s  and B ' s  is g i v e n   i n   r e f e r e n c e  6 a s  

B 2 ( t )  = - 3 
1 - e  

where - 

a and e being  e lements  of t h e   r e f e r e n c e   o r b i t .  

Thus, 

where 

(equat ion  cont inued)  

16 
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h e r e  

C "  1 12 14 a - a  

C "  
2 22 24 . a - a  

F i n a l l y  , 

+ (du, 7)  + (u + n T) V (u ,  7 ) )  f (n T + u) du . 
0 

F o r m u l a s   f o r   t h e   a ' s ,  b ' s  and c ' s   a r e   g i v e n   i n  Appendix A. 

The m a t r i c e s  U(u, 7 )  and V(u, 7)  a r e   a l s o  a f u n c t i o n  of a and e ,  but   not  
of t h e   o t h e r   o r b i t a l   e l e m e n t s .  Thus, t h i s   f o r m u l a t i o n  is  convenient   here   €or  
a and e have   been   g iven   f ixed   numer ica l   va lues .  However , g(u) a n d   z ( u )   a r e  
f u n c t i o n s  of t h e  o t h e r   o r b i t a l   e l e m e n t s .  

To u t i l i z e   e q u a t i o n  ( 5 )  with  Kochi 's  a ( t )  , f (s) mus t   be   wr i t t en   w i th  com- 
p o n e n t s   r e s o l v e d   i n  a coordinate   system  which moves w i t h   t h e   K e p l e r   o r b i t .  
These components  must be i n   t h e   r a d i a l   d i r e c t i o n ;   i n   t h e   d i r e c t i o n   p e r p e n d i c u -  
l a r   t o   t h e   r a d i a l  and o r b i t a l   n o r m a l   d i r e c t i o n s   ( p o s i t i v e   i n   t h e   d i r e c t i o n  of 
orbi ta l  m o t i o n )   a n d   i n   t h e   d i r e c t i o n  of t h e   o r b i t a l   n o r m a l ,  

- 

17 



Thus, 

where 

'li 
= cos (n - v . )  cos (a + v) - s i n  (Q - w . )  cos i s i n  (w + w.)  

1 1 1 

'2i 
= - c o s  (Q - v . )  s i n  (W + w) - s i n  (Q - v . )  cos i cos (3 + w.)  

1 1 1 

'3 i = s i n  (s2 - v . )  s i n  i 
1 

w = w(s) 

h e r e  

i i n c l i n a t i o n  of r e fe rence   Kep le r   o rb i t  

0 . longi tude  of ascending  node 

w argument of p e r   i a p s i s  

v t r u e  anomaly of t h e  it11 moon 

w t r u e  anomaly of t h e   s p a c e c r a f t  if i t  were on the r e f e r e n c e  
i 

K e p l e r   o r b i t  
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It must  be  noted  that   equation (5) was der ived   by   us ing  a s i n g l e   r e f e r -  
e n c e   K e p l e r   t r a j e c t o r y   t o   l i n e a r i z e   t h e   e q u a t i o n  of motion (1). For  most 
p u r p o s e s   t h i s  i s  too   i naccura t e   an   approx ima t ion ,   bu t   he re   t he   add i t ive   fo rces  
are s o  small tha t   the   approximat ion  is  adequate .  To indicate   the  ade 'quacy 
of   the  approximation,   one case w a s  run   i n   wh ich   t he   numer i ca l   r e su l t   f rom 
equa t ion  (5) was compared w i t h   t h e   d i r e c t   n u m e r i c a l   i n t e g r a t i o n   o f   e q u a t i o n  (1). 
The r e s u l t s  were in   ag reemen t   w i th in   0 .1  km a f t e r   t e n   s p a c e c r a f t   o r b i t s .  

Numerical   Resul ts  

F i g u r e  3 p l o t s   t h e   p o s i t i o n   p e r t u r b a t i o n s   o f   t h e   s p a c e c r a f t   a s  a f u n c t i o n  
of w ( the   a rgument   o f   per iaps is )  a t  t h r e e   p o s i t i o n s   a l o n g   t h e   3 0 t h   o r b i t   o f  
t h e   s p a c e c r a f t .   T h a t  i s ,  at t = 0 ,  the   per turbed   and   unper turbed   pos i t ion   and  
v e l o c i t y   o f   t h e   s p a c e c r a f t   a r e   c h o s e n   t o   b e   i d e n t i c a l .  The a t t r a c t i v e   f o r c e s  
of t h e  moons t h e n   a r e   a l l o w e d   t o   s e p a r a t e   t h e  two t r a j e c t o r i e s .  A t  t = 0 ,  t h e  
s p a c e c r a f t  i s  a t   p e r i a p s i s   a n d   b o t h  moons have  zero  t rue  anomaly.  

The s a l i e n t   f e a t u r e s  shown i n   f i g u r e  3 a r e  as fo l lows :  

1. The p e r t u r b a t i o n s   o f   p o s i t i o n   a r e   l a r g e s t  at  p e r i a p s i s  
and   sma l l e s t  a t  apoaps i s .  

2 .  The p e r t u r b a t i o n s   a r e  a s t r o n g   f u n c t i o n  of u). Large 
p e r t u r b a t i o n s   b e i n g   p r e s e n t   f o r  U) = 80° and l l O o .  

F igu re  4 g i v e s   t h e   p e r t u r b a t i o n s   a t   p e r i a p s i s  and a p o a p s i s   a s  a f u n c t i o n  
of   the  number o f   s p a c e c r a f t   o r b i t s .   H e r e  U) = 800, which i s  nea r  a c r i t i c a l  
a rgument   o f   per iaps is .   Note   tha t   the   pos i t ion   per turba t ions   a re   approximate ly  
a quadra t i c   func t ion   o f   t ime .  

V i r t u a l l y  a l l  t h e   p e r t u r b a t i o n s  shown i n   f i g u r e s  3 and 4 are produced  by 
Phobos,   the  inner and  more massive moon. Not  shown i n   t h e s e   f i g u r e s  i s  t h e  
r e s o l u t i o n  of the   pos i t ion   per turba t ions   in to   th ree   o r thogonal   components .  A t  
p e r i a p s i s  and a p o a p s i s   t h e   d i r e c t i o n   o f   t h e   p e r t u r b a t i o n  i s  c h i e f l y   i n   t h e  
a l o n g - t r a c k   d i r e c t i o n .  The p e r t u r b a t i o n s   o f   f i g u r e  4 a r e   i n   t h e   n e g a t i v e  
d i r e c t i o n   ( o p p o s i t e   t o   t h a t   o f   t h e   o r b i t a l   m o t i o n ) ,   w h i l e   i n   f i g u r e  3 some of 
t h e   v a l u e s   o f  U) y i e l d   p o s i t i v e   a l o n g - t r a c k   e r r o r s   w h i l e   o t h e r s   y i e l d   n e g a t i v e  
e r r o r s .  Between p e r i a p s i s   a n d   a p o a p s i s   t h e   r a d i a l  component is s i g n i f i c a n t ,  
b u t   t h e   c r o s s - t r a c k  is always small. 

F igu re  5 shows con tour s  of e q u a l   a l o n g - t r a c k   p e r t u r b a t i o n s   a t   t h e   p e r i a p -  
sis of t h e   3 0 t h   o r b i t   o f   t h e   s p a c e c r a f t .   H e r e  i = 40°. Again ,   no te   tha t  
c r i t i c a l   v a l u e s  of e x i s t  near w = 80' and 100°.o No c r i t i c a l   v a l u e s   o f  R 
e x i s t .   A l s o ,   t h e r e  i s  a zero   contour   near  U) = 90 and the   a long- t r ack   pe r tu rba -  
t i ons   have   oppos i t e   s igns  on oppos ing   s ides   o f   t h i s   con tour .  

F i g u r e  6 i s  a p l o t  of the e f f e c t  of v a r i . a t i o n s   i n  U) and  time  upon  the 
a l o n g - t r a c k   p e r t u r b a t i , o n s   o f   p e r i a p s i s .  The r e s u l t s  shcwn i n   f i g u r e s  3 ,  4 ,  5 ,  
and 6 a r e  summarized a s   fo l lows :  
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F i g u r e   3 :   P o s i t i o n   p e r t u r b a t i o n s  due t o  Phobos  and Deimos as a funct ion 
of IJJ a t   t h r e e   p o i n t s  on the   30 th   o rb i t  of t h e   s p a c e c r a f t .  
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F igu re  4 :  Pos i t ion   pe r tu rba t ions  a t  pe r i aps i s  and  apoapsis as a func t ion  
of number of s p a c e c r a f t   o r b i t s .  Q = 0 ,  UJ = 800, i = 40: 
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Figure  5: Contours of cons t an t   a long- t r ack   pos i t i on   pe r tu rba t ion  (measured i n  km) a t  
p e r i a p s i s   a f t e r  30 o r b i t a l   p e r i o d s .  The  unperturbed  elements i ,  e ,  and a 
a r e   f i x e d  so  t h a t  i = 40 , a = 20415.5 km, and e = ,78199. 0 
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0 = 0 ,  w = Oo, 60°, 80°, i = 40: 
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2. 

3. 

4 .  

5. 

T h e   p e r t u r b a t i o n s   d u e   t o  Phobos c a n   b e   a s   l a r g e   a s   2 0 0  km a f t e r  
t h i r t y   s p a c e c r a f t   o r b i t s .  However , t h o s e   d u e   t o  Deimos a r e  
g e n e r a l l y  less than   one  h. An except ion   occurs   near  w = 4 0  , 
140' w h i c h   y i e l d s   p e r t u r b a t i o n s   a s   . l a r g e  as 22 km. 
Throughout  any  one o r b i t a l   p e r i o d   t h e   p e r t u r b a t i o n s   a r e   a l w a y s  
l a r g e s t  a t  p e r i a p s i s  and s m a l l e s t   a t   a p o a p s i s .  

The c r o s s - t r a c k   p e r t u r b a t i o n s   a r e   a l w a y s   s m a l l .  A t  p e r i a p s i s  
and a p o a p s i s   t h e   p e r t u r b a t i o n s   a r e   c h i e f l y   a l o n g - t r a c k .  Be- 
tween   pe r i aps i s  and a p o a p s i s ,   t h e   r a d i a l  component can   be   s ig -  
n i f   i c a n t  . 
For  any  f ixed  t rue  anomaly,   and  i f  w is  nea r  80° o r  looo, t h e   p e r t u r -  
ba t ions   a r e   app rox ima te ly  a q u a d q a t i c   f u n c t i o n  of t h e  number 
o f   o r b i t a l   p e r i o d s  of t h e   s p a c e c r a f t .   F o r  w removed  from t h e  
c r i t i c a l   v a l u e s ,   t h e   p e r t u r b a t i o n s   i n c r e a s e  less r a p i d l y .  

The   pe r tu rba t ions   a r e  a z e a k   f u n c t i o n  of 5 ,  b u t  a s t r o n g   f u n c t i o n  
of w. Near w = 80 , 1 0 0   t h e   p e r t u r b a t i o n s   a r e   q u i t e   l a r g e ,   b u t  
n e a r  w = 90' ( p e r i a p s i s   f a r t h e s t   f r o m   t h e   M a r t i a n   e q u a t o r )   t h e y  
a r e   s m a l l .   I n   a d d i t i o n ,   t h e   a l o n g - t r a c k   p e r t u r b a t i o n s   a r e   o f  
o p p o s i t e   s i g n s   a c r o s s  a z e r o   n e a r  w = 90'. 

0 

It i s  i m p o r t a n t   t h a t   t h e   n u m e r i c a l   r e s u l t s   b e   g i v e n  a p h y s i c a l   r a t i o n a l e ,  
f o r   o n l y   t h e n   c a n   r e s u l t s   b e   p r e d i c t e d   f o r   c a s e s   o t h e r   t h a n   t h o s e   p l o t t e d .   T h e  
r e s u l t s  2 and 5 (of the   above  summary) r e q u i r e  some f u r t h e r   e x p l a n a t i o n .  

The equa t ion  of motion of t h e   s p a c e c r a f t  (l), does   no t   a l low a c o n s t a n t  
energy of t h e   s p a c e c r a f t   i n   t h a t   e n e r g y  i s  t r a n s f e r r e d   t o   t h e   s p a c e c r a f t   v i a  
t h e  moons.  The  major e f f e c t  of  a change i n   e n e r g y  upon t h e   o r b i t a l   e l e m e n t  i s  
a change   i n   t he   s emi -ma jo r   ax i s  , a .  Now, i f  a non-zero   6a   ex is t s  , and a l l   o t h e r  
Kepler   e lements   remain   unchanged,   then   a t   per iaps is  

w h i l e   a t   a p o a p s i s  

6ra  = 6a 

3 i l  
2 l + e  6Sa - - - - (2n + 1) ga 

where 6 r  and 6 s  a r e ,   r e s p e c t i v e l y ,   t h e   r a d i a l  and a l o n g - t r a c k   p e r t u r b a t i o n s ,  and 
n is t h e  number  of s p a c e c r a f t   o r b i t a l   p e r i o d s .   S i n c e  e . 8 ,  f o r   f i x e d   n ,  
6 s  A 9 6 s  which i s  a p p r o x i m a t e l y   s a t i s f i e d  by o u r   n u m e r i c a l r e s u l t s   ( f i g u r e s  3 
and 4). Equating;' ( 7 )  and (8) a re   no t   ag   accu ra t e   cons t r a in t   fo l lo t7ed  by t h e  
numer i a l   r e su l t s ,   bu t   t hey   do   p red ic t  a l a r g e r   p e r t u r b a t i o n   a t   p e r i a p s i s   t h a n  
a t   a p o a p s i s .  

P a 
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To a i d   i n   t h e   e x p l a n a t i o n  of r e s u l t  5, c o n s i d e r   f i g u r e  7.  Shown h e r e   a r e  
t h r e e   s p a c e c r a f t   t r a j e c t o r i e s   w h i c h   d i f f e r   o n l y   i n   t h e i r   l o c a t i o n  of p e r i a p s i s .  
T r a j e c t o r i e s   f o r  u) = 0, 78.8', and 90' a r e  shown. Bu t ,   be fo re   cons ide r ing   t he  
e f f e c t  of p e r i a p s i s   l o c a t i o n ,   c o n s i d e r   t h e   e f f e c t  of  -changes  of Q.  If 12 is 
c h a n g e d   s l i g h t l y ,   t h e n   o n l y   t h e   r e l a t i v e   i n i t i a l   p o s i t i o n  of Phobos(2) i s  
c h a n g e d ,   b u t   a f t e r   t h i r t y   s p a c e c r a f t   o r b i t s ,   a p p r o x i m a t e l y   1 0 1   r e v o l u t i o n s  of 
Phobos  occur .   Thus,   one  would  expect   the   per turbat ions  to   depend  only  weakly 
on R, a t   l e a s t   f o r   l a r g e  n. 

A change   i n  w does more t h a n   c h a n g e   t h e   r e l a t i v e   i n i t i a l   p o s i t i o n  of t h e  
b o d i e s ;   f o r   a t  a " c r i t i c a l "  U) t h e   p a t h s  of t he   bod ie s  w i l l  i n t e r s e c t .   T h i s  is  
i l l u s t r a t e d   i n   f i g u r e  7.  F i r s t   n o t e   t h a t   i f   s u c h   a n   i n t e r s e c t i o n  i s  t o   t a k e  
p l a c e ,  i t  must   be   a long   the   l ine  of nodes of t h e   s p a c e c r a f t ' s   o r b i t .   I f  U) = 0,  
t h e n   t h e   i n t e r s e c t i o n  of t h e   s p a c e c r a f t ' s   o r b i t   w i t h   t h e   a s c e n d i n g   l i n e  of nodes 
is  i n t e r i o r   t o   t h e   o r b i t  o f   Phobos ,   whi le   the   in te rsec t ion   wi th   the   descending  
l i n e  of  nodes i s  e x t e r i o r .  As  w i n c r e a s e s   t o  180°, t h e   i n t e r s e c t i o n   a l o n g   t h e  
descending  node moves toward   t he   cen te r  of Mars. A t  78.80 i t  is  a t   t h e  
o r b i t a l   r a d i u s  of Phobos.  This i s  a "cr i t ica l"   va luey3;  of (I). A second cr i t i -  
c a l   v a l u e  of w e x i s t s   a t  w = 1 1 1 . Z 0 ,  b u t   f o r   t h i s   c a s e   t h e   i n t e r s e c t i o n  of t h e  
two paths   occurs   a t   the   ascending   node .  

A t  and  near a c r i t i c a l   v a l u e  of w, c lose   encoun te r s   w i th  Phobos  can  be 
expec ted .   These   c lose   encoun te r s   i n   t u rn   imp ly   r e l a t ive ly   l a rge   pe r tu rba t ions .  

S ince   t he   spacec ra f t   has  i t s  maximum speed a t   p e r i a p s i s ,  and s i n c e  
u) = 78.8' i m p l i e s   a n   i n t e r s e c t i o n   w i t h  Phobos along  the  descending  node; i t  i s  
expec ted   t ha t   t he   c lose   encoun te r s   w i th  Phobos  would p e r t u r b   t h e   s p a c e c r a f t   i n  
t h e   n e g a t i v e   a l o n g - t r a c k   d i r e c t i o n .   T h i s  i s  i n d e e d   t h e   c a s e   a s  shown i n  
f i g u r e  5. The   second  c r i t i ca .1   va lue  of W ,  i .e.,  w = 111.2O c a n   s i m i l a r l y   b e  

case .  
e x p e c t e d   t o   g i v e   r i s e   t o   p o s i t i v e   a l o n g - t r a c k   p e r t u r b a t i o n .   T h i s  i s  a l s o   t h e  

Thus f a r   a l l  resul ts  shown a r e   f o r  i = 40°, b u t   r e s u l t s   f o r   o t h e r   i n c l i n a -  
t i o n s   c a n n o t   d i f f e r   g r e a t l y   e x c e p t   f o r   t h e   s i n g u l a r   c a s e  i = Oo. R e s u l t s   f o r  
t h i s   i n c l i n a t i o n   a r c  shown i n   f i g u r e  8 i n   t h e  same fo rma t   a s   f i gu re  3. I n   a d d i -  
t i o n   t o   p o s i t i o n   p e r t u r b a t i o n s   a t   t h r e e   p o i n t s   a l o n g   t h e   t h i r t i e t h   s p a c e c r a f t  
o r b i t ,   t h e   v a l u e s  of the   spacecraf t   a rgument  of p e r i a p s i s ,  w ,  t h a t   y i e l d  a 
c o l l i s i o n   w i t h  Phobos a r e  shown.  Such a c o l l i s i o n   o c c u r s   o n l y   i f  

(2) Deimos need  not   be  considered  s ince i t s  e f f e c t s   a r e   n e g l i g i b l e .  

(3) For i = 0 , a l l   v a l u e s  of II) a r e   " c r i t i c a l " ,   o t h e r w i s e   t h e   c r i t i c a l   v a l u e  of 
0 

w i s  independent of i. 
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r3 i =  40° 
-//Mas 

Figure 7:  Geometry of t h r e e   s p a c e c r a f t   o r b i t s ,   e a c h  of 
which  has  the same o r b i t a l   e l e m e n t s   e x c e p t  f o r  
w . 5 = 180°, i = 400 
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t =  30 T 

0 20 40 60 80 IO0 120 140 

ARGUMENT OF PERIAPSIS w (degrees)  
I60 I80 

VALUES O F  w F O R  W H I C H   C O L L I S I O N   O C C U R S   A T  Y = 101 .19°  w~~ 

1 8 3  15,48 29,93 11,35 25,80  7,22 12,38 

10,32 2l ,67 16,51 2 85 20,64  6,19 24,77 
I I I I 

3.9 
I 

I 
2687 23,74 1 5.116 1 ' 19,61 I 1!.9 1 1:,48 1 24.93 9,29 

4,13 /8,53 40 /4,45 28,90 10,32 24,77 6,19 

VALUES OF w FOR WHICH COLLISION OCCURS A T  Y = 258.81° up 

F i g u r e  8 :  P o s i t i o n   p e r t u r b a t i o n s  due t o  Phobos a s  a f u n c t i o n  of a t  
t h r e e   p o i n t s  on t h e   3 0 t h   o r b i t  of t h e   s p a c e c r a f t .  i = Oo. 
The number of comple te   revolu t ions  of the  s-pacecraf t   and 
Phobos a s s o c i a t e d   w i t h   e a c h  UI which y i e l d s   c o l l i s i o n  is  
shown a s  number p a i r s .  
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An exp lana t ion  of t h e   r e s u l t s  shown i n   f i g u r e  8 w i l l  now be  given.  By  a. 
previous  argument ,   values  of w n e a r   t h o s e   w h i c h   y i e l d   c o l l i s i o n   a t  v = 101.19 
are expec ted   to   imply  a n e g a t i v e   a l o n g - t r a c k   p e r t u r b a t i o n .  The converse  holds  
( p o s i t i v e   a l o n g - t r a c k   p e r t u r b a t i o n s )   f o r   a l l   v a l u e s   o f  UI near  those  which  imply 
c o l l i s i o n   a t  v = 258.81O. 

Denote   the  values   of  w w h i c h   y i e l d   c o l l i s i o n  a t  v = 101.19O a s  un (because 
they   tend   to   p roduce  a nega t ive   a long- t rack   per turba t ion) ,   and   those   which   y ie ld  
c o l l i s i o n   a t  v = 258.81O a s  w . Note  f rom  f igure 8 t h a t   f o r  w = 21.9O = w a 
c o l l i s i o n   o c c u r s   a f t e r  1 + s p g c e c r a f t   o r b i t s  and 3 + Phobos o r b i t s .  Now, ?or 
a l l   v a l u e s  of UJ near  22' a l a r g e   p e r t u r b a t i o n  results. Consider now UJ = 550. 
Note   t ha t  a s m a l l   p e r t u r b a t i o n  is  p r e s e n t   n e a r   t h i s   v a l u e  of w. This  might  be 
e x p e c t e d ,   f o r   t h e r e   e x i s t s  a w = 54.8' and  a w = 56.7O. S i n c e   t h e s e   c o l -  
l i s i o n   y i e l d i n g   v a l u e s   c a u s e   p e r t u r b a t i o n s   i n  tRe o p p o s i t e   d i r e c t i o n s ,  a cance l -  
l a t i o n  .of e f f e c t s   c a n   b e   e x p e c t e d .   I n   g e n e r a l ,   i f  U) and w are   approximate ly  
equal   and   occur   a f te r   approximate ly  t h e  same  number  gf s p a c g c r a f t   o r b i t s ,   t h e n  
i t  shou ld   be   expec ted   t ha t   sma l l   pe r tu rba t ions  w i l l  resul t  f o r   v a l u e s  of w near  
U) and . On the   o the r   hand ,   i f  U) (or  w ) t akes  on  a value  which i s  r e l a t i v e -  
If: d i s t s n t  from  any wn (or   u ) , ) ,   thgn   la rgg   per turba t ions   can   be   expec ted .  

n 
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DETECTABILITY OF THE MOONS 

I n t r o d u c t i o n  

An i n i t i a l   c o n c e r n  is that   the   proposed  scanning  system may b e   u n a b l e   t o  
d e t e c t   t h e  moons  a s u f f i c i e n t  number of times so a s   t o   y i e l d   a n   a c c u r a t e   s o l u -  
t i o n   t o   t h e   n a v i g a t i o n   p r o b l e m .   T h i s   c o n c e r n  is present   because   the   scan   can  
ve ry  w e l l  c a r r y   t h e   f i e l d  of v iew  near   o r   in to   the   sunl i t   Mar t ian   hemisphere  
and t h e   r e f l e c t e d   s c a t t e r e d   s u n l i g h t  may g e n e r a t e  a s u f f i c i e n t l y   h i g h   n o i s e  
l e v e l   i n   t h e   s e n s o r   p h o t o d e t e c t o r   t o   o b s c u r e   t h e   s i g n a l   g e n e r a t e d  by t h e  moon. 

F i g u r e  10 shows the   geomet ry   fo r   t he   ca se  i = 0' and t h e   s u n   i n   t h e   p l a n e  
of the   Mar t i an   $qua to r .  The s p i n   d i r e c t i o _ n  of the   ins t rument  i s  t h e   n e g a t i v e  
s u n   d i r e c t i o n ,  kg, and t h e   o p t i c a l   a x i s ,  c ,  i s  i n c l i n e d  45O. A d d i t i o n a l   a s -  
sumpt ions   a r e   a s   fo l lows :  

1. 

2. 

3 .  

4 .  

The  instrument 's   f ie ld  of view is  20°, with 12 a s   t h e  center 
of t h e   f i e l d  of  view ( f i g u r e s  1 and 10).  

The  moons a r e   n o t   d e t e c t a b l e   i f   o b s c u r e d  by  Mars o r  e x t e r i o r  
t o   t h e  s c a n n e d   f i e l d .  

I f   t h e r e   e x i s t s  a r ay   f rom  the   spacec ra f t  t o  a po in t  on t h e  
v i s i b l e   s u n l i g h t   p o r t i o n  of Mars ,   such  that   the   angle   between 
t h e   i n s t a n t a n e o u s   o p t i c a l   a x i s   a n d   t h e   r a y  i s  less than  40°, 
t h e n   t h e  moon is  n o t   d e t e c t a b l e .  The  method  of  implementing 
th i s   a s sumpt ion  i s  considered  as  Appendix B. 

The o r b i t  of t h e   s p a c e c r a f t  is a Kepler e l l ipse  wi th  a = 20415.5 km 
and e = 0.78199. 

The  general   problem of t h e   v i e w i n g   g e o m e t r y   r e l a t i v e   t o  a s p a c e c r a f t  and 
t h e  moons i s  d i scussed  by Harr ison and  Campbell  (referenc2 7) .  These  authors  
c o n s i d e r   t h e   d i s t a n c e  of c losest   approach,   approximate  f requency of t h i s   a p -  
p roach ,   so l a r   l i gh t ing   o f   t he  moons,  and d i r e c t i o n   t o   t h e  moon f o r   f o u r   p a r t i c u -  
l a r   s p a c e c r a f t   o r b i t s .  However, t he   v i ewab i l i t y   a s sumpt ion  ( 3 )  was not imposed 
by t h e s e   a u t h o r s .  

R e s u l t s  

Cases  which  have  been  examined a r e   a s  fOllOWS: 

i = Oo, 30°, 60°, 90' 

w = Oo, 60°,  120°, 180' , 240°, 300° 

0 = Oo, 60°, 120°, 180°., 240°, 300' 

~ ( 0 )  = 0 , 60°, 120: 0 
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where 

i s p a c e c r a f t   i n c l i n a t i o n  

u) spacecraf t   a rgument  of t h e   p e r i a p s i s  

Q s p a c e c r a f t   l o n g i t u d e  of  ascending  node 

~ ( 0 )  i n i t i a l   t r u e  anomaly of moon 

These c h o i c e s   y i e l d  342 d i s t i n c t   c a s e s .  Each c a s e  i s  examined  over  eleven 
o r b i t s   o f   t h e   s p a c e c r a f t   a s   f o l l o w s :  Each s p a c e c r a f t   o r b i t  i s  d i v i d e d   i n t o  
one   hundred   pos i t ions   such   tha t   the  t i m e  i n t e r v a l   b e t w e e n   s u c c e s s i v e   p o s i t i o n s  
is cons t an t   ( approx ima te ly   f i f t een   minu te s ) .  Each p o s i t i o n  is  then  examined 
for moon a v a i l a b i l i t y .  The  number  of p o s i t i o n s  of t h e   s p a c e c r a f t   w h i c h   y i e l d  
moon a v a i l a b i l i t y  is t h e n   c a l l e d   t h e  number  of s i g h t i n g s   € o r   t h a t   o r b i t .  

The minimum number  of  Phobos s i g h t i n g s   o v e r   t h e   i n i t i a l   t r u e  anomaly  of 
Phobos, u(0) , i s  g i v e n   i n   T a b l e  V. The d a t a  i s  p resen ted   a s  a f u n c t i o n  of i, 
w ,  and 0 .  That i s  , € o r   e a c h   t r i a d  of i, w, and R t h e  minimum number of s i g h t -  
ings  over  ~ ( 0 )  i s  g i v e n .   E l e v e n   s p a c e c r a f t   o r b i t s  were used. 

From T a b l e  V it is  n o t e d   t h a t   t h e   a v a i l a b i l i t y  of  Phobos has a t endency   t o  
d e c r e a s e   w i t h   i n c r e a s i n g   i n c l i n a t i o n .   T a b l e  V I  has   been   prepared   in  a manner 
s i m i l a r   t o   T a b l e  V f o r   t h e   a v a i l a b i l i t y   o f  Deimos. 

Tab le  VI1 g i v e s   t h e  number of Phobos s igh t ings   ove r  88 s p a c e c r a f t   o r b i t s  
(A 90 days )   fo r   t hose   ca ses   wh ich   y i e ld   t he   f ewer  number of s igh t ings   f rom 
Table  V. 

I n  o b t a i n i n g   t h e s e   t a b l e s ,  i t  is  assumed t h e   s p a c e c r a f t  i s  a t   t h e   p e r i a p s i s  
of t h e   f i r s t   o r b i t  on O h  of 6 March 1974.  The d i r e c t i o n  of t h e   s u n   a t   t h i s  
t i m e  w i t h   r e s p e c t   t o   t h e   M a r t i a n   c o o r d i n a t e   s y s t e m  is  

= ,220 i3 - ,731 j, + .646 c3 .  

O t h e r   i n s t r u m e n t   f i e l d s  of view  and  other minimum b r i g h t   s o u r c e   s h i e l d  
ang le s   ( t he   ang le   de f ined   i n   a s sumpt ion  ( 3 ) )  were run ,   bu t   t hese   ca ses   g ive  
e i t h e r   m a r g i n a l l y   a c c e p t a b l e  Phobos d e t e c t a b i l i t y   o r ,   i m p l y   a n   i n s t r u m e n t  of 
unacceptably  large  dimensions.  

The  general   conclusion  f rom  Tables  V ,  V I ,  and VI1 i s  t h a t  Over a sma l l  
number of o r b i t s  (11) t h e  number  of Phobos s i g h t i n g s  may well  b e   t o o  few t o  
determine i t s  o r b i t .  However, on ly   t h ree   ca ses  ( 3 ,  5, and 6 d e t e c t i o n s )   y i e l d  
a marginal  number  of  Phobos s i g h t i n g s   o v e r   e i g h t y - e i g h t   o r b i t s  of t h e   s p a c e c r a f t .  
Except   for   e igh t   cases   (Table  V I ) ,  t h e  number  of  Deimos d e t e c t i o n s  i s  adequate .  

The  range of ins t rument   magni tude ,   d i s tance ,  and  subtended  angle i s  given 
i n  Table  VIII. The  method  used t o  ca l cu la t e   t he   magn i tude  is g iven   in   Appendix  C. 
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TABLE Y 
MINIMUM NUMBER OF PHOBOS S I G W I N G S  OVER v(0) AS A 

FUNCTION OF SPACECRAFT  ORBITAL  ELEMENTS (11 ORBITS) 
i =  0 

R + m  3 OOo 240° 180° 120° 60' oo 

5 10 6 6 2 1  6 - 

24 0' 

3 OOo 

1 80° 

i = 30 0 

i = 60' 

1 5 

i = 90 0 
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TABLE V I  

MINIMUM NUMBER OF DEIMOS SIGHTINGS OVER v(0) AS A 
FUNCTION OF SPACECRAFT  ORBITAL ELEMENTS (.11 ORBITS) 

i = o  

24 Oo 

6 Oo 

23 

28 

13 

2 1  

2 1  

14 
-- - 

i = 30 0 

16  36 

22 1 0  I %: "- 

119 

109 55 

4 1  

i = 60 0 

- 1  boo 

300° 240° 180' 120' 

1 7  

70 59 28 4 8 

57  53 22 16 1 7  

56 5 1  35 15 2 1  

64 68 18 8 6 

46 1 1 7  25 14 1 7  

14  6 70 23 26 

O0 

12 oo 
6 Oo 

180° 

24 Oo 

3 0o0 

40 

25 

60 

23 

29 

17 

60' 

16 

16 

4 

23 

15 

5 

i = 90 0 

12 oo 
19 

10  

7 

1 7  

19 

5 

180' 

2 1  

3.0 

19 

38 

19 

59 

49 

49 63 

65 57 
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TABLE V I 1  

CASES OF MINIMUM PHOBOS  SIGHTINGS 
EXTENDED TO 88 SPACECRAFT  ORBITS 

S p a c e c r a f t  Orb i t a l   E lemen t s  
I I 

I I 

30° I 60° I 300' 

I 120° I 120° 

9 oo 240' O0 

6 Oo 120° 

180° 6 0' 

240' 

300' 3 OOo 

120° 

v (0: 

60° 

12 oo 

6 0' 
~ 

O0 

O0 

O0 

60° 

O0 

O0 

O0 

O0 

O0 

"" -. . - - . . . - 

Number of Phobos   S ight ings  
I __.  ~ 

11 O r b i t s  

1 

1 

1 
-~ 

1 

1 

0 

1 

0 

0 

0 

0 

0 

TABLE V I 1 1  

RANGE OF MAGNITUDE,  DISTANCE, AND SUBTENDED  ANGLE 
OVER ALL  STUDIED  CASES FOR DETECTABILITY OCCURRED 

88 O r b i t s  

26 

27 

17 

11 

5 

11 

15 

14 

25 

13 

6 

3 
~~ 

I Phobos I Deimos 
I Maximum I Minimum I Maximum I Minimum 
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THE  NAVIGATION PROBLEM 

I n t r o d u c t i o n  

The  problem is t o   o b t a i n   t h e   t i m e - p a t h  of t h e   s p a c e c r a f t   a n d  moons,  and t h e  
h a r m o n i c   c o e f f i c i e n t s   o f   t h e   M a r t i a n   p o t e n t i a l  by s i g h t i n g s  of t h e  moons from 
t h e   s p a c e c r a f t .  The measured  quant i ty  i s  t h u s   t h e   p a r a l l a x  of t h e  moons a s  
viewed  f rom  the  spacecraf t .  It i s  i n t u i t i v e l y   e v i d e n t   t h a t   t h i s   p a r a l l a x  is a 
f u n c t i o n  of t h e   t r a j e c t o r i e s   o f   t h e   s p a c e c r a f t   a n d   t h e   o b s e r v e d  moons; t h e s e  
t r a j e c t o r i e s   a r e  in t u r n   f u n c t i o n s   o f   t h e   p o t e n t i a l .  It is no t   obv ious   t ha t  
t he   p rob lem  can   be   i nve r t ed ,  i.e., t h e   t r a j e c t o r i e s   d e t e r m i n e d   f r o m   t h e  meas- 
u red   pa ra l l ax .  It t u r n s   o u t   t h a t   t h i s  i s  t h e   c a s e ,   a t   l e a s t   i f  a s u f f i c i e n t  
time i n t e r v a l  is a l l o w e d   f o r   t h e  moon s i g h t i n g s .  

As b e f o r e ,  l e t  

R = p o s i t i o n   v e c t o r  of t h e   s p a c e c r a f t  

R. = p o s i t i o n   v e c t o r  of t h e   i t h  moon, (1, 2)  corresponds  to   (Phobos,  

- 
- 
1 De imos ) 

t h e   o r i g i n  of t h e s e   v e c t o r s   b e i n g   t h e   c e n t e r  of  mass  of  Mars,  then 

\ 

S I  c 
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is t h e   d i r e c t i o n  of t h e  moon a s  v t ewed   f rom  the   spacec ra f t .  
* 

If d .  ( t)  were measured a t  any number  of v a l u e s  of t ,  t h i s   i n f o r m a t i o n  
a l o n e  is i n s u f f i c i e n t   t o   d e t e r m i n e  x(t) and x. ( t ) .  Each  measurement  simply 
y i e l d s  two  independent  equations i n   s i x  unknowns. Moreover , t h e s e  unknowns 
change a t   each   measu remen t .  More information, however, is a v a i l a b l e   i n   t h a t  
t he   equa t ions  of   mot ion   mus t   be   sa t i s f ied   by   R( t )   and  R i ( t ) .  Thus, 

1 

.. - 
R ( t )  = F (x(t)) 

Here, i t  w i l l  be   assumed  that   the   r ight-hand of equat ion  (10) i s  der ivable   f rom 
a p o t e n t i a l .   I n   o r d e r  t o  s i m p l i f y   t h e   e x p r e s s i o n   f o r   t h e   p o t e n t i a l ,  a coordin-  
a t e   s y s t e m   w i t h   o n e   a x i s  pa ra l l e l  t o   t h e   d i r e c t i o n  of the   Mart ian  North pole 
i s  chosen t o   r e s o l v e   t h e   p o s i t i o n   v e c t o r s .  

Le t  SI b,e t h e   " c e l e s t i a l "   c o o r d i n a t e   s y s t e m   w i t h   a s s o c i a t e d   u n i t   v e c t o r s  
21, 91, ana   k l :   The   d i r ec t ion  i s  f r o m   t h e   s u n ' s   c e n t e r   t o   t h e   F i r s t   P o i n t  
of Aries, and k l  i s  normal t o   t h e   e a r t h ' s   e q u a t o r i a l   p l a n e .   A l s o ,  l e t  S3 b e  
t h e  "Martian"  system  whose  orientation is  d e f i n e d   w i t h   r e s p e c t   t o  S by  two 
a n g l e s ,  5, and z2. That  i s ,  1 

2 + ? r o t a t i o n  5 + 90 about  6,  = l$, 

f ,  + E3 r o t a t i o n  5 about  i = i 

0 
1 2  1 

h h 

2 2 3  

where 

5 t h e  assumed r i g h t   a s c e n s i o n  of t he   Mar t i an   Nor th   Po le  = 317.9 0 1 

52 
t h e  assumed  co-decl inat ion of t h i s   p o i n t  = 35.3 . 0 

The o r i g i n  of S 3  i s  t h e   c e n t e r  of mass  of  Mars. The equat ions  of motion  (10) 
w i l l  b e   w r i t t e n   w i t h   c o m p o n e n t s   i n  S3. The o r i e n t a t i o n  of S w i t h   r e s p e c t   t o  
S i s  g i v e n  by 1 

3 

where 

- s i n  5 - COS 5 COS 5 
1 1 2 

2 

cos  c1 s i n  5 

s i n  5 ,  s i n  c2 
0 s i n  5 

2 
cos  h 2  3 

T h e   M a r t i a n   p o t e n t i a l ,   a t   a n y   g e n e r i c   p o i n t ,   c h o s e n   h e r e  i s  w r i t t e n  
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n=2 m=O 

where 

p = M G = 5.5429 x 10l1 km / h r  

r e q u a t o r i a l   r a d i u s   o f   M a r s  = 3388 km 

r d i s t a n c e   o f   p o i n t   f r o m   c e n t e r  of  mass  of  Mars 

3 2  

e 

d co-e l eva t ion  of p o i n t   w i t h   r e s p e c t   t o  S 3 

e az imuth   of   po in t   wi th   respec t   to  S 3 

i r a t e  of r o t a t i o n  of  Mars  about 3 

Pkj assoc ia ted   Legendre   func t ion  of t h e  
o r d e r  j .  

The r i g h t - h a n d   s i d e  of (10) is  thus  F =-VV. 

f i r s t   k i n d  of degree  k and 

by equa t ion  (9) t o   y i e l d  estimates Methods  of   using  the  constraints   provided 
o f   t h e   i n i t i a l   c o n d i t i o n s   a n d   p a r a m e t e r s  C 
and w i l l  no t   be   cons idered .  However, t he   eTfec t  of e r r o r s   i n   m e a s u r i n g  a upon the  
ou tpu t s  will be   cons idered .  

n J 'nm i n - e q u a t i o n  (12) i r e  w e l l  known 

Er ro r   Ana lys i s  

Two s p a c e c r a f t   o r b i t s   d e f i n e d   i n   T a b l e  M a r e   c h o s e n   f o r   s t u d y .   T h e s e   p a r -  
t i c u l a r   o r b i t s  were chosen   because   o f   t he i r   r e l a t ive ly   poor   y i e ld  of Phobos 
s i g h t   i n g s .  

TABLE Ix 
ORBITS TO BE STUDIED ~- ~~ "_ 

E." Spacec ra f t  - 
Deimos  Phobos 

O r b i t  No. n t n ( h r s )  tl(hrs) 
v n t n ( h r s )  t l ( h r s )  v 0 .i w 

0 0 

1 

154 2092 .O 245.0 60' 13 2143.0 197.7 6OC 300° 30° 300' 2 

146 2154.31 101.67 Oo 11 2117.1 1034.0 0' 240' 60' 0' 

39 



I n  t h e   t a b l e ,  w ,  i, and 0 are t h e   i n i t i a l   o r b i t a l  elements (t = 0) a n d   a r e  
d e f i n e d   w i t h   r e s p e c t   t o  S3; vo is t h e   i n i t i a l  moon t rue  anomaly;   and tn 
are, r e s p e c t i v e l y ,   t h e  times of t h e   f i r s t  and l a s t  moon s i g h t i n g y  aZ3 n i s  
t h e  number of moon s i g h t i n g s .  

To i n v e s t i g a t e   t h e   e f f e c t  of  random e r r o r s   i n   t h e  measurement  of  the  direc- 
t i o n   t o   t h e  moons a t  each   s igh t ing ,   the   fo l lowing   major   assumpt ions  were made: 

(1) The  only  forces  upon t h e   s p a c e c r a f t   a n d   t h e  moons a r e   d e r i v -  
a b l e   f r o m   t h e   p o t e n t i a l  shown in   equa t ion   (12 ) .  

(2) No s y s t e m a t i c   e r r o r   e x i s t s   i n   t h e   m e a s u r e d   d i r e c t i o n .  However, 
d e t e r m i n i s t i c   e r r o r s   i n  some of the   parameters  of t h e   p o t e n t i a l  
shown i n   e q u a t i o n  (12) a re   a l l owed .  

(3) The e r ro r   d i s t r ibu t ions   o f   each   measu red   ang le   a r e   i ndependen t  
and   i den t i ca l   and  

0 (6 e3) = COS e3 CJ (6 a3) = 1 arc   minu te .  

The   e r ro r s   i n   t he   measu red   e l eva t ion   and   az imuth  of t h e   d i r e c t i o n  
to t h e  moon a r e  6 e3 and 6 a 3 '   r e s p e c t i v e l y ,   t h e s e   a n g l e s   b e i n g  
measu red   w i th   r e spec t   t o   t he   Mar t i an   sys t em,  s3' 

( 4 )  The  random i n p u t   e r r o r s   a r e  s o  s m a l l   t h a t   e a c h   o u t p u t   e r r o r  i s  
a l i nea r   combina t ion  of t h e   i n p u t   e r r o r s .  

The  accuracy of t he   d i r ec t ion   measu remen t  i s  open to q u e s t i o n .   I n   f a c t ,  
fo r   t he   p roposed   i n s t rumen t  , t h i s   a c c u r a c y  is n o t   c o n s t a n t .  A s  w i l l  be  shown, 
it i s  a s t r o n g   f u n c t i o n  of t h e   p a r t i c u l a r   s t e l l a r   b a c k g r o u n d   a g a i n s t   w h i c h   t h e  
moon is viewed  and the   moon ' s   pos i t i on   w i th in  t h e  i n s t r u m e n t ' s   f i e l d  of view. 
A d i f f e r e n t   i n s t r u m e n t   ( o r   t h e  same bas ic   ins t rument   wi th  a d i f f e r e n t  s l i t  
c o n f i g u r a t i o n   a n d   f i e l d  of view)  would  possess a d i f f e r e n t   d i r e c t i o n   a c c u r a c y .  
T o   a c c o u n t   a p p r o x i m a t e l y   f o r   t h i s   e f f e c t ,   t h e   o u t p u t   e r r o r  may then   be   s ca l ed .  
On t h e   a v e r a g e ,   t h e   d e s i g n e d   i n s t r u m e n t   f o r   t h i s   s t u d y   h a s  a d i r e c t i o n   a c c u r a c y  
of f i v e   m i n u t e s  of a r c .   H e n c e ,   t h e   e r r o r s   t o   b e  shown may b e   m u l t i p l i e d  by 
f i v e   t o   a c c o u n t  more n e a r l y   € o r   o u r   p a r t i c u l a r   i n s t r u n e n t .  

A problem  containing  twenty  three unknowns  was f i r s t  examined.  These  un- 
knowns a r e   a s   f o l l o w s :   t h e   i n i t i a l   p o s i t i o n   a n d   v e l o c i t y  of t he   t h ree   bod ie s  , 
and   t he   f i ve   ha rmon ic   coe f f i c i en t s  (C C30, C40. C21,  and  SZ1).  The i n i t i a l  
p o s i t i o n  and v e l o c i t y   f o r   t h e   t h r e e   b % f e s   a r e   d e f i n e d   a s   f o l l o w s :   L e t  

t l  = time a t  which  Phobos i s  f i r s t   s i g h t e d  

T1 
= t i m e  a t  which Deimos i s  f i r s t   s i g h t e d .  

T h e n ,   t h e   i n i t i a l   p o s i t i o n s   a r e  
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r 

A c o r r e s p o n d i n g   d e f i n i t i o n  is  u s e d   f o r   i n i t i a l   v e l o c i t y .  

V a l u e s   a s s i g n e d   t o   t h e   f i v e   h a r m o n i c   c o e f f i c i e n t s  so t h a t  a s imula ted  
"measured d i r e c t i o n "  i s  computable   are:  

c~~ = - 2.011 x 

c~~ = 2 x 

sZ1 = 

Only Cz0 i s  g iven  a n u m e r i c a l   v a l u e   i n   t h e   l i t e r a t u r e .   T h i s   v a l u e  i s  obta ined  
by Ear th-based   observa t ion  of t h e  moons.  The v a l u e s   g i v e n   f o r  C30 and C40 a r e  
s imply a guess .   Values  of C z l  and S were computed  by  assu_ming  Mars has   an  
a x i s  of dynamic  symmetry,   but   this   axls  i s  n o t   p a r a l l e l   t o  kg. We assume  the 
t r u e   r i g h t   a s c e n s i o n   a n d   c o - d e c l i n a t i o n  of t h e   a x i s  of  symmetry d i f f e r   f r o m  51  
and s2 by one  minute  of  arc.  

21 

R e s u l t s  

Al though  no t   shown,   the   resu l t s  of the   p roblem  conta in ing   twenty- three  
unknownswere   somewhat   d i sappoin t ing   in   tha t   the   e r rors   inc-ur red   in  t h e  h ighe r  
ha rmon ic   coe f f i c i en t s ,  C30 and Cho a r e   g e n e r a l l y   g r e a t e r   t h a n   t h e   a s s i g n e d  
va lues .   This   occurs   because  of t h e   r e l a t i v e l y   h i g h   a l t i t u d e  of t h e   t h r e e  
bodies .  It i s  concluded   then   tha t  C30 and C40 shcu ld   no t  be t r e a t e d   a s  un- 
knowns. It should   be   emphas ized ,   however ,   tha t .   the   inabi l i ty   to   ob ta in   these  
q u a n t i t i e s   r e s u l t s   n o t   f r o m  a de fec t   i n   t he   measu remen t ,   bu t   f rom  the   cho ice  of 
s p a c e c . r a f t   o r b i t .   I n   a l l   e x a m p l e s   t o   b e   c o n s i d e r e d ,  C30 and C40 w i l l  be  assumed 
known. The   two   cases   fo r   wh ich   numer i ca l   r e su l t s   a r e  shown contain  twenty-one 
unknowns. 

Figures  12  and 13 a r e   p l o t s  of t h e   e r r o r s   i n   i n i t i a l   p o s i t i o n   a n d   s p e e d  of 
t h e   s p a c e c r a f t ,  Deimos and  Phobos a s  a f u n c t i o n  of t h e   s i g h t i n g  time i n t e r v a l  
d u r i n g   o r b i t  number 1 (Table  I X ) .  Also shown i n   f i g u r e  12 a r e   t h e  number of 
s i g h t i n g s  of t h e  two moons a t   v a r i o u s  times. P o s i t i o n  and   speed   e r ro r s   a r e  
d e f i n e d ,   r e s p e c t i v e l y ,   a s   f o l l o w s  : 

f 

where 

4 1  
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TIME ( h r s )  

Figure   12 :  Er ror  i n   i n i t i a l   p o s i t i o n  of t he   t h ree   bod ie s  as a 
f u n c t i o n  of s i g h t i n g  time i n t e r v a l .   O r b i t  No. 1 .  
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DEIMOS 

0. I I I I I I 1 I 
I200 1400 I600 I800 2000 2200 

TIME ( h r s )  

F i g u r e   1 3 :   E r r o r   i n   i n i t i a l   s p e e d  of t h e   t h r e e   b o d i e s   a s  a 
function of t h e   s i g h t i n g  t i m e  i n t e r v a l .   O r b i t  No. 1. 43 
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cr (r) s t a n d a r d   d e v i a t i o n   o f   i n i t i a l   r a d i a l   p o s i t i o n   e r r o r  

cr (s) s t a n d a r d   d e v i a t i o n   o f   i n i t i a l   a l o n g - t r a c k   p o s i t i o n   e r r o r  

cr (2) s t a n d a r d   d e v i a t i o n   o f   i n i t i a l   c r o s s - t r a c k   p o s i t i o n   e r r o r .  

I n   t h e   f i g u r e s  , t h e   e r r o r s   a r e  shown a s   c o n t i n u o u s .   T h i s  is an  approxima- 
t i o n   f o r   t h e   e r r o r s   c h a n g e   d i s c o n t i n u o u s l y   a s   e a c h  new measurement i s  taken  and 
t h e   e r r o r   f u n c t i o n s   a r e   d e s c e n d i n g   s t a i r c a s e   f u n c t i o n s .  

I n i t i a l l y ,   t h e   p o s i t i o n   e r r o r s  of  Phobos are two orders   o f   magni tude   g rea te r  
t h a n   t h o s e o f t h e   s p a c e c r a f t  and  Deimos.  However, a s m o r e   s i g h t i n g s   o f  Phobos a r e  
t a k e n ,   t h e   p o s i t i o n   e r r o r s  of  Phobos a r e   r e d u c e d  s o  t h a t   a f t e r  2100  hours  (=85 
s p a c e c r a f t   o r b i t s )   t h e   e r r o r s   a r e  more  comparable. 

The i n i t i a l   s p e e d   e r r o r s  of t h e   t h r e e   b o d i e s   a r e   g r e a t e s t   f o r  Phobos  and 
s m a l l e s t   f o r  Deimos. Th i s   o rde r  i s  t h e  same a s   t h e   t r u e   i n i t i a l   s p e e d s   w h i c h  
a r e   a s   f o l l o w s :  

Phobos  7.570 x 10’ km/hr 

S p a c e c r a f t  5.101 x 10’ km/hr 

Deimos 4.857 x 10  km/hr. 
3 

F i g u r e   1 4  is  a p lo t   o f   the   normal ized   e r ror   in   the   th ree   harmonics  
c o e f f i c i e n t s   w h i c h   a r e   t r e a t e d  as unknowns i n  the t o t a l  problem.  Here 
normal ized   e r ror   o f  C20 is de f ined  a s  

S i m i l a r   d e f i n i t i o n s   a r e   u s e d   f o r  S and CZ1. 21 

All t h r e e   h a r m o n i c s   a r e   q u i t e  well determined by t h e   m e a s u r e m e n t s .   ~ i g u r e s  
15, 1 6 ,  and 1 7  a r e   t h e  same f o r m a t   a s   f i g u r e s  1 2 ,  1 3 ,  and 1 4 ,   r e s p e c t i v e l y ,  
e x c e p t   t h e   l a t t e r   f i g u r e s   a r e   d e r i v e d   f r o m   o r b i t  number 2 .  Th i s   o rb i t   no t   on ly  
y i e l d s  more  Phobos s i g h t i n g s  (15 v e r s u s   1 0 )   a n d   t o t a l  moon s i g h t i n g s  (167 v e r s u s  
157) ,   bu t   a l so   p roduces  a be t te r   v iewing   geometry .  A s  a r e s u l t ,   a l l   e r r o r s   a r e  
reduced  from  those  produced by o r b i t  number 1 by approximately a f a c t o r  of  two. 

E f f e c t  of E r r o r s   i n  Assumed Known Parameters  

I n   a d d i t i o n   t o  random e r r o r s ,   e r r o r s  w i l l  be   p re sen t   i n   t he   ha rmon ic   co -  
e f f i c i e n t   w h i c h   a r e   n o t   t r e a t e d   a s  unknowns b u t   a r e  assumed  known. T h e s e   l a t t e r  
e r r o r s   a r e   d e t e r m i n i s t i c .  

I n  reducing  the  measurements,  i t  was  assumed t h a t   t h e  mass  of  Mars  was 
known, and a l l  ha rmon ic   coe f f i c i en t s   o the r   t han  C 20’  c21’ 

and S were z e r o .  
2 1  
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F i g u r e  14: Normalized e r r o r   i n   t h e   h a r n o n i c   c o e f f i c i e n t s   a s  a f u n c t i o n  
of s i g h t i n g   i n t e r v a l .   O r b i t  No. 1. 
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F i g u r e   1 5 :   I n i t i a l   e r r o r   i n   p o s i t i o n  of t h e  three   bodies  as  a func t ion  
of s i g h t i n g  time i n t e r v a l .   O r b i t  No. 2 .  
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- PHOBOS 

I200 I400 I coo I800 2000 2 200 
T I M E  ( h r s )  

F i g u r e  16: E r r o r   i n   i n i t i a l   s p e e d  of the t h ree   bod ie s .  
O r b i t  N o .  2 .  
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F i g u r e  1 7 :  Normalized  error ir. t h e  harmonic   coef f ic ien ts  as  a 
f u n c t i o n  of s i g h t i n g   i n t e r v a l .   O r b i t  No. 2 .  



I 

Now s u p p o s e   t h i s  were n o t   t r u e ,   b u t  6 H/M = 6 C 3 ~  = 6 C40 = 6 Cgl = 6 S31 = 10 . - 6 -  

T h e s e   i n p u t   e r r o r s  w i l l  then   induce  errors i n   t h e  unknowns. R e s u l t s  are shown 
i n   T a b l e s  X and X I .  T h e s e   t a b l e s   a r e   d e r i v e d   f r o m   o r b i t  number 1, b u t   o r b i t  
number 2 y i e l d s   r e s u l t s   q u i t e  similar. Aga in ,   t he   un i t s  of p o s i t i o n  and  speed 
errors are km and  km/hr ,   respect ively.  

T h r e e   s a l i e n t   r e s u l t s   a r e   o b t a i n e d   f r o m   t h e s e   t a b l e s .  

(1) The r e s u l t i n g  errors a r e   s m a l l .  However, i f  t h e   i n p u t s  

s l g n l f l c a n t l y   a r g e   e r r o r s   i n  most o u t p u t s  would r e s u l t  
and  thus C31 and S31 shou ld   be   chosen   a s  unknowns and 
s o l v e d   f o r .  

6 . C 3 1 ,  .and 6 "1 were i n c r e a s e d  by a f a c t o r  of t e n ,   t h e n  

(2) I n   c o n t r a s t   t o   t h e   e f f e c t  of  random i n p u t   e r r o r s ,   t h e   e f f e c t  
of t h e   d e t e r m i n i s t i c   e r r o r s  i s  t o  sometimes  increase  and 
somet imes   decrease   the   e r rors  of t h e  unknowns a s  more s i g h t -  
i n g s   a r e   u s e d .  

(3) The e r r o r   i n   t h e  mass  of  Mars  produces a n e g l i g i b l e   e r r o r   i n  
a l l  unknowns and   t hese   e r ro r s   a r e   a lmos t   i ndependen t  of t h e  
number of s i g h t i n g s   u s e d .  

The r e s u l t  ( 3 )  h a s   a n   a n a l y t i c   e x p l a n a t i o n .   T h e   e q u a t i o n s  of motion of t h e  
t h r e e   b o d i e s   a r e  of the   form 

where (x) is  small ,   Suppose a change  of   scale  i s  made in   l eng th   and   mass  so  
t h a t  

m = h  M 
3 

where X is  a c o r s t a n t .   S i n c e  no l e n g t h s   a r e   m e a s u r e d ,  A w i l l  n o t   a p p e a r   i n   t h e  
c o n s t r a i n t   e q u a t i o n s  (9) i f   t h e s e   e q u a t i o n s   a r e   e x p r e s s e d   i n   t h e  new v a r i a b l e s .  
I n  terms of t h e  new v a r i a b l e s ,   t h e   e q u a t i o n s  of motion become 

l 'hus ,  f o r  smal l  2 t h e   t o t a l   s y s t e m  i s  near ly   independent  of 1. Let  

t h e n  
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TABLE X 

Erroneous De imos 
Input  Speed P o s i t i o n  

6M/M 1 . 6 ~ 1 0 - ~  7 .8x1om3 

ti '30 9 . 2 ~ 1 0  1 . 4 x 1 f 3  

' 4 0  

1 , 3 ~ 1 0 - ~  8 . 4 ~ 1 0 - ~  '31 

1 . 7 ~ 1 0 - ~  1. 2x10-1 '31 

2 . 8 ~ 1 0 - ~  1 . ~ x I O - ~  

- 3  

ERRORS I N  UNKNOWNS PRODUCED BY DETERMINISTIC  ERRORS I N  
FIVE GIVEN PAWTERS, ORBIT NO. 1, 100 MOON SIGHTINGS 

Erroneous 
Inpu t  

6M/M 

'30 

' ' 4 0  

'31 

'31 

Deimos 
P o s i t i o n  I Speed 

Phobos Spacecraf t  
P o s i t   i o n  

3.3x10-' 1.1x10-' 15  13 

4 . 3 ~ 1 0 - ~  1. 8x10-1 20 18 

5 .  I X ~ O - ~  2 . 2 ~ 1 0 ' ~   4 . 8 ~ 1 0 - 1   4 . 2 ~ 1 0 - 1  

3. ~ x I O - ~  1 . 3 ~ 1 0 - ~  1 . 9  1 . 6  

1. 7 x 1 f 3  6 . 9  x 2 . 5 ~ 1 6 ~  3 . Z X I O - ~  

Speed P o s i t   i o n  Speed 
Hamonic   Coef f ic ien t  

E2 0 

7 . 1 ~ 1 0 - ~  9.  9x10-6 

r21 g21 

6 . 4 x 1 f 3  

3 .  ~ x I O - ~  3 . 4 ~ 1 0 - ~  6 . 7 ~ 1 0 - ~  

1. 2x10m5 

1.5xlO.-l 1. 2x10-1 2 . 4 x 1 f 4  

9.5x10-* 1 , 7 ~ 1 0 - ~  2 .  ~ x I O - ~  

5. O X ~ O - ~  6. 8x10e2 

TABLE X I  

ERRORS I N  UNKNCMNS  PRODUCED BY DETERMINISTIC  ERRORS I N  
FIVE GIVEN PARAMETERS.  ORBIT NO. 1, 157 MOON SIGEfllINGS 

1. 9 x 1 ~ - 2  

2 .  1x10-2 1. 9x10-1 

2 . 4 ~ 1 0 - ~  2 .  1x10-1 

I. ~ x I O - ~  8.  o?t10-~ 

2 .  o ~ ~ o - ~  

Phobos 

s21 c20 r21 Speed P o s i t   i o n  Speed P o s i t  i o n  
Harmonic Coef f ic i5nt  Spacec ra f t  

N 

Same as Table  X 

2 .  1x10m2 

5 . 8 ~ 1 0 - ~  1.9x10-' 1 . 8 ~ 1 0 ' ~  4 . 4 ~ 1 0 - ~  2 .  8x10-1 1, 6x10-1 2,9x10-' 

5.1~10-~ 1. 0x10-1 3 . ~ x I O - ~  4 . 5 ~ 1 0 - ~  3 .5~10-1   1 .5~10-1  2 , 8 ~ 1 0 - '  

1 6 . 3 ~ 1 0 - ~  1 . O X ~ O - ~  1 .4x10m3 5 . 4 ~ 6 ~  ~ . O X I O - ~  1 . 2 ~ 1 0 - ~  

1. o ~ ~ o - ~  1. 1 x ~ ~ - 2  1. ~ x I O - ~  4 . 7 ~ 1 6 ~   2 . 8 ~ 1 0 - ~   1 . 3 ~ 1 0 - ~  



- - l 6 M ~  
r = R + - -  3 M  

m M.+ 6 M. 

So, for 

Thus, a s m a l l   c h a n g e   i n   t h e  mass  of  Mars  can  be  expected t o  c a u s e   a n   e r r o r   i n  
t h e  computed pos i t ion   which  is  a l m o s t   e n t i r e l y   i n   t h e   r a d i a l   d i r e c t i o n .  In 
Table  XI1 a comparison is  g iven   be tween   r e su l t s   ob ta ined   f rom  th i s   ana lys i s   and  
t h e   p r e v i o u s   e r r o r   a n a l y s i s .   A g a i n ,   t h e   u n i t  of l eng th  i s  hn. 

TABLE XI1 
COMPARISON OF INITIAL POSITIOX ERRORS  PREDICTED FROM SMPLIFTED 

ANALYSIS AND ERRORS  OBTAINED  FRON NWERICkL ERROR ANALYSIS 
~ "" __ "" .~~ . "  ~ 

~ 1 

6 r = (6M/3M) E Erro r   Ana lys i s  

Component 
of E r r o r  Phobos r i i  Deimos 

4 x 3 x - 3  x 10 0 0 0 Across- t rack  

-9 x 3 x 4 x 0 0 0 Along-track 

7 . 3 ~ 1 0  8 . 0 ~ 1 0 ~ ~  ~ . I X I O - ~  Rad i a  1 

s /c Deimos Phobos 

-3 -3 
~ 8 x l O - ~   3 . 2 ~ 1 0 - ~  6 . 9 ~ 1 0  

-8 
" " 
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SPACECRAFT  ATTITUDE 

I n t r o d u c t i o n  

I n  t h e   p r e v i o u s   s e c t i o n  it was  assumed t h a t   t h e   d i r e c t i o n  t o  a moon was 
m e a s u r e d .   T h i s   c a n n o t   b e   d o n e   w i t h o u t   f i r s t   d e t e r m i n i n g   t h e   a t t i t u d e   o f   t h e  
s p a c e c r a f t   f r o m   t r a n s i t s  of s t e l l a r   t a r g e t s .   T h i s   l a t t e r   p r o b l e m  is  now con- 
s ide red  . 

Analys is 

The  general   problem is  t o   f i n d   t h e   o r i e n t a t i o n   o f  a coord ina te   sys t em 
f i x e d   i n   t h e   s p a c e c r a f t   w i t h   r e s p e c t   t o  a s t a t i o n a r y   c o o r d i n a t e   s y s t e m .  The 
b a s i c   i n p u t   m e a s u r e m e n t s   w h i c h   y i e l d   t h i s   o r i e n t a t i o n ,   o r   a t t i t u d e ,   a r e   t h e  
readout  of a n   a n g l e   e n c o d e r   a t   t h e   i n s t a n t  known stars cross   each  of t h r e e  
slits. 

Consider  a t r a n s p a r e n t  s l i t  e tched   on   an   o therwise   opaque   foca l   p lane  of 
a n   o p t i c a l   s y s t e m   a s  shown i n   f i g u r e  18. I f   t h e  s l i t  i s  a s t r a i g h t   l i n e  seg- 
ment  and t h e   o p t i c a l   s y s t e m  is  f r e e  of d i . s t o r t i o n ,   t h e n  a p o r t i o n  of a p lane  
w i l l  be   de f ined   wh ich   con ta ins   t he  s l i t  and   the   nodal   po in t  of t he   l ens   sys t em.  
Given a d i s t a n t   b r i g h t   p o i n t   s o u r c e ,   t h i s   s o u r c e  w i l l  be  sensed  by a d e t e c t o r  
behind   the  s l i t  i f ,  and  only i f ,  i t  l i e s  on the   p l ane   de f ined  by t h e  s l i t  and 
o p t i c a l   s y s t e m .   I f  a p o i n t   s o u r c e   c r o s s e s   t h e   p l a n e ,   t h e   s o u r c e  image t r a n s i t s  
t h e  s l i t .  The  encoder  readout a t   t h e   i n s t a n t   t h e   p o i n t   s o u r c e  l i e s  i n   t h e  
p l ane  i s  c a l l e d   t h e   t r a n s i t   a n g l e .  

F o r   a n y   t r a n s i t  of a s t a r ,   t h e   f o l l o w i n g   e q u a t i o n  may be wri t ten 

where 

n̂  u n i t   v e c t o r  riormal t o   t h e  s l i t  p l a n e   a t   t h e   i n s t a n t  of t r a n s i t ,  

s u n i t   v e c t o r   i n   t h e   d i r e c t i o n  of s t a r ,  and 
A 

8 a n g l e   e n c o d e r   r e a d i n g   a t   t r a n s i t  time t .  

To s p e c i f y   t h e   v e h i c l e   o r i e n t a t i o n   a t   a n y   s p e c i f i c   i n s t a n t   r e q u i r e s   t h r e e  
independent   angles   whi le   equa t ion   (13)   y ie lds   on lyone   condi t ion .   Addi t iona l  
e q u a t i o n s a r e  obtainedastheinst-rument motion  causes   the  sensor   to   scanthe 
c e l e s t i a l  sphe re  and o t h e r  stars a re   encoun te red .   Th i s   r e su l t s  in a set of   mdit icns  

;; (ei, t i> gi = 0 ' 

I f   n o   f u r t h e r   i n f o r m a t i o n  i s  in t roduced  , th i s   s imply   adds   one   equat ion   and  
th-rze unknown angles a t  e a c h   i s o l a t e d   t r a n s i t  time. However, the   phys ics   which  
governs   the   mot ion  of t h e   s a t e l l i t e  may be   invoked   to   deve lop  a time-dependent 
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FOCAL 

(FIXED IN 

A 

SURFACE 

SATELLITE) 

BICONVEX  LENS 
EQUIVALENT  TO 
OPTICAL  SYSTEM 

(F IXED IN S A T E L L I T E  

PLANE 

PHOYOETCHED SLIT  

F i g u r e  IS: The r e l a t i o n s h i p  between t h e  s l i t  p l a n e  a n d  
t h e   t a r g e t   s t a r  a t  t h e   i n s t a n t  of t r a n s i t .  
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sys tems,  

s1 

s5 

s7 

c h a r a c t e r i z a t i o n   o f   t h e   a t t i t u d e   w h i c h   i n v o l v e s   j u s t  a few unknown parameters .  
This " a t t i t u d e  model'lrnay  then be used t o   i n t e r n a l l y   c o u p l e   t h e   c o n d i t i o n  i n  equa t ion  (14). 

O b s e r v e   t h a t   s i n c e   t h e   o p t i c a l   s y s t e m   h a s  its p o s i t i o n   d e f i n e d   w i t h   r e s p e c t  
- t o  the s a t e l l i t e  v ia   the   encoder ,   the   components  of A a r e  m o s t   e a s i l y   w r i t t e n  
i n  a c o o r d i n a t e   s y s t e m   f i x e d   i n   t h e   s a t e l l i t e .  On t h e   o t h e r   h a n d ,  ŝ  is  most 
e a s i l y   w r i t t e n   i n  a ce les t ia l  coord ina te   sys t em (a s y s t e m   i n   w h i c h   t h e   s t a r  
d i r e c t i o n s   a r e   c a t a l o g e d ) .   I n   o r d e r  tha t  t h e s e   v e c t o r s  may b e   w r i t t e n  i n  t h e  
same c o o r d i n a t e   s y s t e m ,   p a r a m e t e r s   w h i c h   s p e c i f y   t h e   o r i e n t a t i o n   o f   t h e   c o o r d i n -  
a t e  s y s t e m   f i x e d   i n   t h e   s a t e l l i t e   w i t h   r e s p e c t   t o   t h e   c e l e s t i a l   s y s t e m  must be  
in t roduced .  However, t h e s e   a r e   p r e c i s e l y   t h e  unknown a t t i t u d e  model  parameters 
w h i c h   a r e   t o   b e   d e t e r m i n e d ,   S o l u t i o n   f o r   t h e s e   p a r a m e t e r s   y i e l d s  a s t a t e   v e c t o r  
which, when i n s e r t e d   i n   t h e   a t t i t u d e   m o d e l ,   r e s u l t s   i n  a t i m e  h i s t o r y  of t h e   a t -  
t i t u d e   o v e r   t h e   i n t e r v a l   s p a n n e d  by t h e   t r a n s i t   d a t a .  

Two a d d i t i o n a l   o b s e r v a t i o n s  may be made. F i r s t ,   e a c h   s t e l l a r   t a r g e t  w i l l  
y i e l d  two spa t ia l ly   independent   measurements  -- e .g . ,   az imuth   and   e leva t ion  -- 
i f  more than  one s l i t  i s  employed i n   t h e   s e n s o r .   T h e  s e t  of b a s i c   c o n s t r a i n t  
equat ions   then   takes   the   form 

f; (ei ,  ti) Gi = o 
j 

(15) 

where j indexes   t he  set of s l i t s .  The a d d i t i o n a l   i n f o r m a t i o n   p e r   s t a r   w h i c h  i s  
gained  f rom a m u l t i - s l i t   s y s t e m  may b e   e x p l o i t e d   t o   r e d u c e   t h e  number of r e q u i r e d  
s t e l l a r   t a r g e t s  or t o   i n c r e a s e   t h e   d a t a   s a m p l i n g   r a t e .   S e c o n d ,   i f   t h e  number of 
i n d e p e n d e n t   c o n d i t i o n s   i n  equatiDn (15)  exeeds  the  dimensionality of thestate  v e c t o r ,  
t h e n   t h i s  se t  of equa t ions  i s  redundant  and may b e  s o l v e d   i n  a l e a s t - s q u a r e s  
s e n s e .   T h e   i n t e r n a l   c o n s i s t e n c y  of t h e   r e s u l t i n g   s o l u t i o n  is  a m e a s u r e   j o i n t l y  
of t he   adequacy   o f   t he   a t t i t ude  model  and t h e   a c c u r a c y  of t h e   t r a n s i t   a n g l e s .  

I n   o r d e r   t o  write equa t ion  (15) i n  moze d e t a i l ,  l e t  s e v e r a l   c o o r d i n a t e  
S i ,   w i t h   a s s o c i a t e d   u n i t   v e c t o r s  i j i ,  ki   be  defined as fo l lows:  i '  

C e l e s t i a l   c o o r d i n a t e   s y s t e m ;  ? d i r e c t i o n  of t h e   F i r s t   P o i n t  of 
Aries, cl, i n   d i r e c t i o n  of t h e   c e l e s t i a l   N o r t h   P o l e .  

Sun-Canopus  system; i n   t h e   a n t i - S u n   d i r e c t i o n ,   a n d  E i n  t h e  
Sun-Canopus p l ane .  

1 

5 

'8 

S p a c e c r a f t  
s p i n   a x i s ,  
zero .  

Ins t rument  r; = 1 ;  
7 8' 

f ixed   sys tem;  i s  t h e   d i r e c t i o n  of t h e   i n s t r u m e n t ' s  
and 2, is  t h e   d i r e c t i o n   d e t e r m i n e d  by the   angle   encoder  

f ixed   sys t em  wh ich   ro t a t e s   w i th  respect t o  S about  7 

'l0j S y s t e m   f i x e d   i n   t h e   j t h  s l i t ;  is  normal t o   t h e   j t h  s l i t .  
This   system i s  a l s o   f i x e d   i n   t h e   r o t a t i n g   i n s t r u m e n t .  

The o r i e n t a t i o n  of S w i t h   r e s p e c t   t o  SI i s  known; S i s  i n t r o d u c e d   o n l y   t o  

'1o j  

5 5 
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s i m p l i f y   t h e   d e s c r i p t i o n   o f   t h e   s p a c e c r a f t   a t t i t u d e .  It is assumed t h a t   t h e  
s p a c e c r a f t   h a s  a Sun-Canopus t r ack ing   sys t em SO t h a t   t h e   s p a c e c r a f t   f i x e d  
sys tem,  Sa, is  n e a r l y   a l i g n e d   w i t h  S 5' 

where   t he   ma t r ix  B is  g i v e n   a s   f o l l o w s :  The t h i r d  row of B i s  composed of t h e  
components of a u n i t   v e c t o r   f r o m   t h e  sun t o  Mars .   This   vec tor   be ing   reso lved  
i n  S, . The f i r s t  and  second  rows  are   then  given by 

L 

Kbll = cos  6 cos  cy (1 - b31 b33 ) .- (b32 cos  6 s i n  CY + b s i n  b C )  b33 
C C C c 33 

a12 = cos 6 s i n  cy (1 
C C - b32 b33)  - (bjl COS 6 C COS CY C + b33 s i n  6,) bj3 

Kb13 = s i n  6 (1 - bi3)  - (bgl cos  Q 
C + b32 s i n  o! C ) cos  6c b33 

Here 6 a r e   r e s p e c t i v e l y   t h e   r i g h t   a s c e n s i o n   a n d   d e c l i n a t i o n  of Canopus. % ,  c 

K 2 = l-[(b31 cos  ~y + bj2 s i n  cy cos 6 
C ) c + b33 s i n  6 C 1' 

B = (bij) . 
L e t   t h e   o r i e n t a t i o n  of S w i t h   r e s p e c t   t o  S b e   d e f i n e d  by t h r e e   a n g l e s  

TI1, TI2, and s s o  t h a t  8 5 

n A A n 

j5  -+ j, r o t a t i o n  1 about  i - 1 5 - '6 

z6 --t 1' r o t a t i o n  Ti about  j6 = 3, 7 2 

+ 1' r o t a t i o n  s about  6,  = i8 
7 8  
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I 

Hence (.3 = D C  

where 

cos s s i n  s 0 

D =  

cos  11 s i n  Tl s i n  fl - COS l1 s i n  f12 2 1 2 

c =  ( 0 cos 1 

s i n  T12 - s i n  q l  cos  7 2 cos -q cos T) 1 

t h e   a n g l e s  q f12, and s a r e ,  of  course , unknown. 1’ 
The remaining  problem i s  t o   d e s c r i b e   t h e   o r i e n t a t i o n  of t h e   j t h  s l i t  

system, S with r e s p e c t  t o  S,. To t h i s   e n d ,  1 O j  ’ 

c8 -, cg r o t a t i o n  CJ about j, = 5, 

P, - 2 r o t a t i o n  p about ig = E,,, j = 1, 2 ,  3 l O j  j 

Here 

p l = c - r  

P2 = 

p 3  = e  +I- (see f i g u r e   1 9 ) .  

Thus ,   t he   p l ane   de f ined  by t h e   j t h  s l i t  i s  t h e  (iloj , clo) plane,   and 

’1 o j  
” - s i n  p cos  o P, + cos p j  j, + s i n  p s i n  G 1; A 

j j 8 ‘  (18) 

Now, jloj is  normal t o  t h e   j t h  s l i t  p l a n e .   I n   o b t a i n i n g   e q u a t i o n   ( 1 8 ) ,  i t  was 
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FIXED 
IN S I C  

A / \  
k,= k 

8 

FIXED  IN S I C  AND INSTRUMENT 

OPT1 C A L  A X  I S  

I 
/ F O C A L  SURFACE 

Figure  19:   The  or ientat ion of t h e  s l i t s  as def ined  by 6 ,  r ,  0. 
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I 

t a c i t l y  assumed t h a t   t h e   t h r e e   s l i t s a r e   d e s i g n e d   t o   i n t e r s e c t  a t  a p o i n t  so t h e  
c e n t e r  s l i t  b i s e c t s   t h e   a n g l e  formed  by t h e   o u t e r  two s l i ts  as shown i n  
f i g u r e   1 9 .  

The  components of t h e  s l i t  p l a n e   n o r m a l   i n   t h e   c o o r d i n a t e  s y s t e m ,  S1, can 
now be obtained  by  combining  equat ions  (16)  , (17) , and  (18).  Hence 

So, equation  (13)  becomes 

where 

ŝ  d e n o t e   t h e   d i r e c t i o n  of t h e   s t a r   w h i c h   t r a n s i t s   t h e   j t h  s l i t ,  t h i s   d i r e c -  
t i o n   b e i n g   r e s o l v e d   i n  S 1' 

If t h e   s p a c e c r a f t  were t r u l y   s t a b i l i z e d  by t h e  Sun-Canopus  t racking  system, 
t h e n  T1 and n2  wou ld   be   cons t an t   ang le s .  Here i t  will be  assumed t h a t   t h e s e  
a n g l e s   c a n  b e  a p p r o x i m a t e d   b y   l i n e a r   f u n c t i o n s  of time d u r i n g   t h e  time i n t e r v a l  
o v e r   w h i c h   s t e l l a r   t r a n s i t s   a r e   g a t h e r e d   ( a p p r o x i m a t e l y   f i v e   m i n u t e s ) .  It i s  
thus   assumed  tha t  

711 = TI, + 7ll (t - to-)  

712 = 7l20 + v* ( t  - t o  1 

s = so + B (t - t o )  + 8 

where 

q,,, i,, T,,, q2 s o ,  a n d   a r e   c o n s t a n t  

0 is  t h e   a n g l e   e n c o d e r   r e a d i n g  

Hence , each 
t u d e   a n g l e s  

- I  

+ r  

t r a n s i t   g i v e s   o n e   e q u a t i o n   i n . e i g l J t  unknowns: t h r e e   i n i t i a l   a t t i -  
(7,,. T2,, s o )  , t h r e e   r a t e s  (T l ,  q2, and i ) ,  and  two  angles  
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I n  g e n e r a l ,  a t  l e a s t   e i g h t   t r a n s i t s   f r o m  two d i s t i n c t   s t a r s   a r e   r e q u i r e d .  
A t  each t r a n s i t   t h e   t r G n s i t  time, t ,  and the a n g l e ,  0 ,  are measured.  The 
d i r e c t i o n  to t h e  star s is  de termined   by   use   o f  a s t a r  c a t a l o g .  

D i r e c t i o n   t o  a Moon 

A f t e r   t h e   a t t i t u d e  is  d e t e r m i n e d   f r o m   t h e   s t e l l a r   t r a n s i t s ,  the d i r e c t i o n  
t o  t h e  moon can   be   found   f rom  the  moon t r a n s i t s .   T h i s   d i r e c t i o n   m u s t   b e  re- 
s o l v e d   i n   t h e   c o o r d i n a t e   s y s t e m ,  S 3 ,  ( t h e   M a r t i a n   s y s t e m ) .  

A t  t h e   i n s t a n t   t h e   m o o n ' s   c e n t e r  l i e s  i n   t h e   j t h  s l i t ,  one  can write 

where 

e a  a r e   t h e   e l e v a t i o r ,   a n d   a z i m u t h ,   r e s p e c t i v e l y  , of t h e  
" m o o n ' s   d i r e c t i o n   w i t h   r e s p e c t   t o  S 5 

D J  a r e  known matr ices   computed  by  use of t h e  s t e l l a r  
t a r g e t s .  C i s  a f u n c t i o n  of t h e  t i m e  of moon t r a n s i t ,  
and D i s  a f u n c t i o n  of   thi .s  time a n d   t h e   a n g l e   e n c o d e r  

0 and p a r e  known a n g l e s   a l s o   c o m p u t e d  by u s e  of t h e   s t e l l a r  
j t a r g e t s .  

H e n c e ,   t h e   t r a n s i t  of t h e  mcon a c r o s s   a l l   t h r e e  s l i t s  y i e l d s   t h r e e   e q u a t i o n s   i n  
t h e  two  unknowns, e and a A f t e r   o b t a i r . i n g   t h e s e   a n g l e s ,   t h e   d i r e c t i o n  of 
t h e  moon w i t h   r e s p e c t   t o  S5'may be   found   a s   s imp ly  5 

3 

c o s  e c o s  e 5 

s i n  e s i n  e 

where 

B' i s  t h e   t r a n s p o s e  of B 

A i s  t h e   n a t r i x  Ghic l l   t ransforms  the  S coxponents  of a v e c t o r   i n t o  
t h e  S components of t h a t   v e c t o r .   T h i s   m a t r i x  is g i v e n   i n   e q u a t i o n  3 

(11 ) .  1 
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E r r o r   A n a l y s i s  

The  problem now t o  b e   c o n s i d e r e d  is t h a t  of e s t i m a t i n g   t h e   a c c u r a c y  t o  
w h i c h   t h e   s p a c e c r a f t   a t t i t u d e   a n d  moon d i r e c t i o n  may be   de t e rmined   f rom  e r rone -  
ous t r a n s i t s .  The   fo l lowing   a s sumpt ions  are made: 

(1) The t r u e   s p a c e c r a f t   a t t i t u d e   v a r i e s   l i n e a r l y   w i t h  time i n   t h e  
d a t a   g a t h e r i n g  t i m e  i n t e r v a l ,  i.e., t h e  angles J1, f12 and so 
a r e   l i n e a r   f u n c t i o n s  of t i m e .  Moreove r ,   t he  t i m e  rates of 
e a c h   o f   t h e s e   a n g l e s  is less t h a n  a m i n u t e   o f   a r c   p e r   m i n u t e .  

(2) The e i g h t  unknowns a s s o c i a t e d   w i t h   t h e   a t t i t u d e   d e t e r m i n a t i o n  
p r o b l e m   a r e   c o m p u t e d   f r o m   d a t a   g a t h e r e d   o v e r   f i v e   m i n u t e s   a n d  
t e n   m i n u t e s   o f  t i m e  ( two   cases )   bu t   t he  moon d i r e c t i o n  is ob- 
t a i n e d   f r o m   o n l y   t h r e e   s u c c e s s i v e  moon t r a n s i t s .  The r o t a t i o n  
r a t e  of t h e   i n s t r u m e n t  is one RPM s o  t h e   i n s t r u m e n t   c o m p l e t e s ,  
r e s p e c t i v e l y ,   f i v e   a n d   t e n   r o t a t i o n s   i n   g a t h e r i n g   t h e   s t e l l a r  
t r a n s i t s .  

(3)  A t  e a c h   t r a n s i t  a random e r r o r  i s  made i n   r e a d i n g   t h e   a n g l e  
e n c o d e r   a n d   t r a n s i t  time. T h e s e   e r r o r s   a r e   u n b i a s e d   a n d   i n d e -  
p e n d e n t .   M o r e o v e r ,   a l l   e n c o d e r   e r r o r s   a r e   i n d e p e n d e n t l y   d i s -  
t r i b u t e d   a s  well  a s   a l l  time e r r o r s .   T h e   s t a n d a r d   d e v i a t i o n  
of e a c h   a n g l e   e r r o r  is one   minu te   o f   a r c ,   and   t ha t   o f   t he  
t r a n s i t  time i s  .1 second  of time. 

( 4 )  T h e   c r i t e r i o n   f o r   s t e l l a r   d e t e c t a b i l i t y  i s  t h e  same a s   f o r  moon 
d e t e c t a b i l i t y   g i v e n   e a r l i e r   e x c e p t   a n   a d d i t i o n a l   r e s t r i c t i o n  
t h a t   d e t e c t a b l e   s t a r s   b e   b r i g h t e r   t h a n   m a g n i t u d e  2 . 2  i s  imposed 
S a t u r n  i s  i n c l u d e d   a s  a s t e l l a r   t a r g e t .  

(5) A moon b e i n g   i n   t h e   f i e l d  o f   v i e w   d o e s   n o t   a f f e c t   s t e l l a r   d e -  
t e c t a b i l i t y .  

The time e r r o r   g i v e n   i n   a s s u m p t i o n  (3) has   a lmos t  no e f f e c t   o n   t h e   o u t p u t  
e r r o r s .   T h i s  is b e c a u s e   n e i t h e r   t h e   a t t i t u d e   n o r   t h e   m o o n s '   d i r e c t i o n s  
c h a n g e   g r e a t l y   i n   ' 0 . 1   s e c o n d s .  

T h e   a t t i t u d e   c a n   b e   o b t a i n e d   a t   a n y  time t h a t  two o r  more s t a r s   a r e   d e -  
t e c t e d   p e r   s c a n  of t h e   i n s t r u m e n t .   H o w e v e r ,   h e r e   t h e   a t t i t u d e  i s  u s e d   o n l y   t o  
compute  the moon d i r e c t i o n   a n d ,   h e n c e ,   h a s   i n t e r e s t   o n l y   n e a r   t h e  times a moon 
is  i n   t h e   f i e l d  of   v iew.   Resul t s  will be  shown o n l y   f o r   t h e s e  times. 

F i g u r e  20 i s  a p l o t  of t h e   e r r o r   i n   d i r e c t i o n  ( two   ang le s )   o f   t he  moon 
and e r r o r   i n   s p e c e c r a f t   a t t i t u d e   a t   t h e   f i r s t   f o r t y - f o u r  moon s i g h t i n g s  of 
o r b i t  number 1 ( d e f i n e d   e a r l i e r ) .   F o r   t h i s   p l o t  a f i v e   m i n u t e   d a t a   g a t h e r i n g  
i n t e r v a l  i s  used .  Here w e  d e f i n e   a t t i t u d e   e r r o r   a s  

61 



MOON SIGHTING NUMBER 

F i g u r e  20: A t t i t u d e   e r r o r   a n d   d i r e c t i o n   e r r o r  as  a f u n c t i o n  
of s i g h t i n g  number. O r b i t  nuntber 1 . 
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N o t e   t h a t   a t t i t u d e   e r r o r  is  a lmost   cons tan t   over  many sets of consecut ive  
s i g h t i n g  numbers.   This  condition  occurs when consecu t ive   s igh t ing  numbers have 
corresponding times r e l a t i v e l y   c l o s e   w h i c h ,   i n   t u r n ,   i m p l i e s   t h a t   t h e   d e t e c t e d  
s t e l l a r   f i e l d   c h a n g e s   v e r y  l i t t l e .  The  azimuth  and  elevation  errors,   however,  
change   even   t hough   t he   a t t i t ude   e r ro r  may n o t ;   f o r ,   t h e  moon d i r e c t i o n   d o e s  
change  and  the s l i t  conf igu ra t ion  does not   a l low for computation of equal  
d i r e c t i o n   e r r o r   i n d e p e n d e n t  of t h e  moon's l o c a t i o n   i n   t h e   f i e l d  of view.  Fig- 
u re  20 may be   incomple te   in   tha t  i t  g i v e s   t h e   a t t i t u d e   a n d   d i r e c t i o n   e r r o r s   a t  
only 44 out of t h e  157 moon s ight ings  which vere used. A t  some of t h e  moon 
s igh t ings   o the r   t han   t hose  shown i n   f i g u r e  20, t h e   s t e l l a r  background i s  poor 
i n   t h a t  only one  or two s t a r s   a r e   a v a i l a b l e .  A t  t h e s e   s i g h t i n g s   t h e   e r r o r s   c a n  
become q u i t e   l a r g e .  

A more complete indicator  of the   e r rors  i s  given i n   f i g u r e  2 1  which 
i s  a plot   of   the   cumulat ive  probabi l i ty   dis t r ibut ion of the two components 
of the  moon d i rec t ion   e r ror .   This   p lo t  was obtained from the   d i rec t ion  
errors  a t  each moon s ight ing  over   orbi t  number 1 fo r   t he   f i ve  and ten 
minute data   gather ing  intervals .  From f igure  2 1  it i s  noted  that  i f  the  
probabi l i ty  i s  s e t   a t  . 5 ,  then  each  direction component has an e r ror  of 
approximately  five  arc  minutes i f  t h e   f i v e  minute data   gather ing  interval  
can  be  used. (The corresponding  att i tude  error i s  3.2 arc  minutes.)  
However, i f  the   t en  minute da ta   ga ther ing   in te rva l  can  be  used,  then  the 
corresponding  direction e r r o r s  are  approximately  three  arc  minutes. Hence, 
our assumption in  the  discussion  of  the  navigation problem that   each 
component e r ror  of one a r c  minute i s  optimistic.  
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Figure 21: Cumulative  probability  distribution  of  moon  direction  error 
for cases in which  stellar  transits  are gathered  over 5 and 
10 minutes of time. Orbit number 1. 



SENSOR DESIGN ANJ) ANALYSIS 

I n t r o d u c t i o n  

The s e n s o r   d e s i g n  i s  based  on a r e a l i z a b l e   e l e c t r o n i c   i m p l e m e n t a t i o n   o f  
t h e   s i g n a l   d e t e c t i o n   p r o c e s s   w h i c h  a l lms o p e r a t i o n   o v e r  a w i d e   r a n g e   o f   s i g n a l  
a m p l i t u d e s   w i t h o u t   c o m p r o m i s i n g   t h e   c a p a b i l i t y  of t h e   s e n s o r  t o  acqui re   meas-  
urements  wi th  the r e q u i r e d   a c c u r a c y .   T h e   s e n s o r   a c c u r a c y  i s  a n a l y z e d   f o r   b o t h  
s t a r  t r a n s i t   m e a s u r e m e n t s   a n d  Mars moon t r a n s i t s .   C o r r e c t i o n   f a c t o r s   f o r   t h e  
moon t r a n s i t   m e a s u r e m e n t s  are a p p r o x i m a t e l y   d e t e r m i n e d   a s  a f u n c t i o n  of moon- 
sun   phase   ang le   and   moon-spacec ra f t   d i s t ance .  A more r e f i n e d   a n a l y t i c a l   m o d e l  
f o r   e s t i m a t i n g  moon t r a n s i t   c o r r e c t i o n   f a c t o r s  is a l s o   p r e s e n t e d .  

I n s t r u m e n t   P a r a m e t e r s  

A l a r g e  number  of i n t e r a c t i n g   p a r a m e t e r s  must  b e   s e l e c t e d   i n   a r r i v i n g  a t  
a s u i t a b l e   i n s t r u m e n t   d e s i g n   f o r   t h e   s t u d i e d   a p p l i c a t i o n .   P r e v i o u s l y ,   i t h a s b e e n  
d e t e r m i n e d   ( p a g e s   3 1 - 3 6 )   t h a t   i n   o r d e r   t o   o b t a l n  a s u f f i c i e n t   f r e q u e n c y   d e t e c -  
t i o n   f o r   t h e  moons of Mars   and   t he   s t a r s   b r igh te r   t han   s econd   magn i tude ,   t he  
f i e l d  of  view  must  be a t  least 20' when c a n t e d   a t   a n   a n g l e  (r) 45' w i t h   r e s p e c t  
t o   t h e   v e h i c l e   s p i n   a x i s .   I n   t h i s   s e c t i o n  a r e a l i z a b l e   d e t e c t i o n  method is  
d e m o n s t r a t e d   & h a t  w i l l  d e t e c t   c e l e s t i a l   t a r g e t s   o v e r  a w ide   r ange  of s t a r   i n -  
t e n s i t i e s  (10 ) a s  w i l l  b e   e n c o u n t e r e d   d u r i n g   t h e   m i s s i o n .   I n   t h e   p r o c e s s  of 
m a t h e m a t i c a l l y   d e r i v i n g   t h e   s i g n a l - t o - K G   n o i s e   r a t i o   a t   t h e   o u t p u t   o f   t h e  
d e s i g n   f i l t e r s ,   p r e f e r r e d   v a l u e s  o f   i n s t rumen t   pa rame te r s   such   a s   s can   pe r iod ,  
a p e r t u r e   s i z e ,   a n d  s l i t  w i d t h   a r e   d e t e r m i n e d .  

A summary  of t h e   i n s t r d m e n t   p a r a m e t e r s   i n v e s t i g a t e d   t h r o u g h o u t   t h e   t o t a l  
s t u d y  i s  found i n   T a b l e  X I I I .  

TABLE XI11 

SENSOR PARAPIETERS 

Sl i t :   I*J id th  - . 3.77  a r c   m i n u t e s  

Cant  Angle - 4 5O 

F i e l d  of V i e w  - 2 O0 
Scan   Pe r iod  - 60 seconds  

A p e r t u r e  - 0.5 inch  

L imi t ing   Magn i tude   S t a r  - 2:2 

S i g n a l   D e t e c t i o n  

T h e   b r i g h t e s t   c e l e s t i a l   t a r g e t   t o  bc d c t e c t e d  is Phobos a t  - 8 . 3  magnitude 
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and  the   d immest  s t a r  t o   b e   d e t e c t e d  i s  a b o u t  + 2.2 m a g n i t u d e .   T h i s   c o n s t i -  
t u t e s  a d y n a m i c   i n t e n s i t y   r a n g e   o f   a b o u t  lo4. T h i s   w i d e   r a n g e  of t a r g e t   i n -  
tensities ( f a c t o r   o f  10 ) r e q u i r e s   s p e c i a l   c o n s i d e r a t i o n   f o r   s i g n a l   f i l t e r i n g  
a n d   s i g n a l   d e t e c t i o n .  It is  d e s i r a b l e   t o  employ a p u l s e   d e t e c t i o n   m e t h o d  
w h i c h   a u t o m a t i c a l l y   a d j u s t s   t h e   t h r e s h o l d   u p   a n d  down w i t h   t h e   i n t e n s i t y  of 
t h e   t a r g e t   b e i n g   d e t e c t e d .  A r e a l i z a b l e  method f o r   i m p l e m e n t i n g   a n   a u t o m a t i c  
d e t e c t i o n   t h r e s h o l d  i s  diagrammed i n   f i g u r e  22. 

4 

The  method  employs  two  low-pass f i l t e r s  , denoted  by F1 and F2, w i t h   t h e  
i n p u t s  o f   each   d r ived  by t h e   u n f i l t e r e d   s t a r   s i g n a l ,   f ( t ) .   F i l t e r  F h a s  a 
t r a n s f e r   f u n c t i o n   w h i c h   a p p r o x i m a t e s  a l i n e a r   p h a s e   v e r s u s   f r e q u e n c y   c h a r a c t e r -  
i s t i c  w h i c h   a l l o w s   p r e s e r v a t i o n   o f   t h e   s y m m e t r i c a l   p r o p e r t i e s  of t h e   s i g n a l  
p u l s e   ( r e f e r e n c e  8, p.  131). P u l s e  symmetry i s  d e s i r a b l e   f o r   a c c u r a t e   t r a n s i t  
time d e t e r m i n a t i o n   s i n c e   t h e   t r a n s i t  time is  c h o s e n   a s   t h e   a v e r a g e   o f   t h e   l e a d -  
i n g   a n d   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g s .   T h e  t i m e  c o n s t a n t s   f o r   f i l t e r   F 1  
a r e   a d j u s t e d  s o  t h a t   t h e   r a t i o  of t h e   p e a k   o u t p u t   s i g n a l   t o   t h e   n o i s e   e q u i v a l -  
en t   bandwid th  i s  m a x i m i z e d .   T h i s   r e s u l t s   i n  a f i l t e r   i m p u l s e   r e s p o n s e   w h i c h  i s  
v e r y   c l o s e l y   m a t c h e d   t o   t h e   i n p u t   s t a r   s i g n a l   ( r e f e r e n c e  8 ,  pp.  122-143).  The 
f i l t e r   l a b e l e d   F 2 ,  shown i n  f i g u r e  22 , is  a l s o  a l i n e a r   p h a s e   f i l t e r  , a l t h o u g h  
t h e   r e q u i r e m e n t s   f o r   l i n e a r   p h a s e   a r e  less c r i t i c a l   t h a n   f o r   f i l t e r  F1. 
F i l t e r  F2 will b e   u t i l i z e d   t o   f i l t e r   t h e   i n p u t   s t a r   s i g n a l   b e f o r e   t h e   p e a k  
v a l u e  of t h e   s t a r   s i g n a l  i s  s t o r e d   w i t h  a p e a k   d e t e c t o r .  The   peak   de t ec to r  
o u t p u t  i s  t h e n   m u l t i p l i e d   b y   a n   a p p r o p r i a t e   f a c t o r ,   s u c h   a s   0 . 6 ,   t o   s e r v e   a s  
t h e   t h r e s h o l d   f o r   t h e   t r a n s i t   l e v e l   d e t e c t o r .   F i l t e r  F 2 ,  d r i v i n g   t h e   p e a k  
d e t e c t o r   i n p u t ,   m u s t   e x h i b i t  less delay  of  i t s  o u t p u t   w i t h   r e s p e c t   t o   t h e   i n p u t  
t h a n   t h e   o u t p u t - i n p u t   d e l a y  of the  "matched" f i l t e r   s i n c e   t h e   p e a k   f o r   t h e   o u t -  
p u t   f r o m   F 2   m u s t   o c c u r   s l i g h t l y   b e f o r e   t h e  50% o u t p u t   l e v e l   o f   F 1   o c c u r s .   T h e  
o u t p u t   p u l s e   f r o m   t h e   t r a n s i t   l e v e l   d e t e c t o r  is used t o   g a t e   t h e   c o n t e n t s   o f  
t h e   b i n a r y   c l o c k   i n t o  a s t o r a g e   r e g i s t e r .  

1 

The p r i m a r y   l e v e l   d e t e c t o r  shown i n   f i g u r e  22 h a s  a t h re sho ld   wh ich  i s  
set s u f f i c i e n t l y   a b o v e   t h e  RlIS n o i s e   l e v e l   t o  meet a s p e c i f i e d   f a l s e   d e t e c t i o n  
r a t e .   T h i s   l e v e l   d e t e c t o r   t r i g g e r s   w h e n e v e r   t h e   l e a d i n g   e d g e  of a pu l se   f rom 
the   ou tpu t   o f  f i l t e r  F 2   e x c e e d s   t h e   p r e - s e t   t h r e s h o l d .   T h e   l e a d i n g   e d g e   o f   t h e  
p r i m a r y   l e v e l   d e t e c t o r   o u t p u t   t r i g g e r s   s u i t a b l e   d i g i t a l   d e l a y   p u l s e s   t o   s t r o b e  
t h e   t r a n s i t   l e v e l   d e t e c t o r   o u t p u t   a n d   t o  reset  ( d i s c h a r g e )   t h e   p e a k   d e t e c t o r  
c i r c u i t   a f t e r   t h e   t r a n s i t   d e t e c t i o n   h a s   o c c u r r e d   i n   p r e p a r a t i o n   f o r   s t o r i n g  
the   peak  of t h e   n e x t   s t a r   s i g n a l .  

F i g u r e  23 shows a p l o t  of t h e   o u t p u t   s i g n a l   ( n o i s e   f r e e )   f r o m   f i l t e r s  F1 
and F2 f o r  a s y m m e t r i c a l   n o i s e - f r e e   i n p u t   s i g n a l   w h i c h   r e p r e s e n t s  a t y p i c a l  
s t a r   p u l s e   ( n o i s e - f r e e )   a t   t h e   p h o t o x u l t i p l i e r   o u t p u t .  The t r a n s f e r   f u n c t i o n  
f o r  f i l t e r  F1 was   t aken   f rom  r e fe rence  9 as 

1 

H ( s )  = 
1. 

2 2 
112.42 (? ) + 2.62 ) + 1][0.734 (z ) + 0.49 (i ) 4 11. (20) 

wC C C C 

T h i s   t r a n s f e r   f u n c t i o n   a p p r o x i n a t e s   t h e   l i n e a r   p h a s e - f r e q u e n c y   c h a r a c t e r i s t i c  
and a t   f o u r   f r e q u e n c i e s  i t  m a t c 1 : e s   t h e   l i n e a r   p h a s e   c h a r a c t e r i s t i c   e s a c t l y .  
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f ( t )  UNFILTERED STAR SIGNAL  FROM 
INTERSTAGE  COUPLING 

FOUR. POLE  LINEAR y , ( t )  TRANSIT 
PHASE LOW PASS 

DETECTOR FILTER  (MATCHED 1 
b GATE b LEVEL b 

C b i 

1 

LlNEAR PHASE LOW 
PASS  FILTER F2 
( W I D E   B A N D  1 

Q-“ DETECTOR 

I RESET 

DELAY 
MONOSTABLE 

DETECTION 
THRESHOLD 

STROBE  GATE 

b PRIMARY 
L E V E L  

DETECTOR . 

J 

L 

PRE-SET  THRESHOLD 

F i g u r e  22: Automatic d e t e c t i o n  threshold. 
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FOUR POLE 

C =- 
LINEAR PHASE 

Y, ( t )  

I I 

F i g u r e  2 3 :  S i g n a l s   f r o m   f o u r - p o l e   l i n e a r   p h a s e   f i l t e r s  F and F 2 .  
1 



T h e   i m p u l s e   r e s p o n s e   f o r   t h i s   t r a n s f e r   f u n c t i o n  was determined by p a r t i a l  
f r ac t ion   expans ion   o f   equa t ion  (20)  and  from a t a b l e  of Laplace  t ransforms 
and was found t o  be 

-Rw t 
C -bet h ( t )  = (0.5630)  (2al wce cos  (swct) + 2a2 wce s i n  (Swct) (21) 

where 

a = 1.48348 x 10" 1 

1 1 
a = 1.21 2 

c = 3.4765 x 10-1 2 

R = 0.5413 

c = -  a 

V = 0.3338 

S = 0.3467 

U = 1.1185 

T h e   o u t p u t   s i g n a l   f r o m   f i l t e r  F i s  g iven  by the   convo lu t ion   i n t eg ra l  2 
03 

where   t he   i npu t   s igna l  i s  t a k e n   a s   ( r e f e r e n c e  8 ,  pp.  122-143). 

T 
f ( t )  = s i n 2  (1.17 ) f o r  0 5 t <_ l-r (*) 

S 

= o  elsewhere.  

The  parameter T r e p r e s e n t s   t h e   t r a n s i t  time of a po in t  image t o   c r o s s   t h e  s l i t ,  
where  ( referencs 8 p p .  122-143) 

- " 
Ts - - SU, T 

2.16 x 10 
4 

T = s c a n   p e r i o d   i n  seconds 

sw = s l i t  wid th   i n   a r c -minu tes  
h 
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T h e   v a l u e  of t h e   f i l t e r   . p a r a m e t e r ,  w , was de termined   f rom  the   "matching"  
p r o c e d u r e   d e s c r i b e d   i n   r e f e r e n c e  8 .  pp. 152-143. For t h e   f o u r - p o l e   l i n e a r  
p h a s e   f i l t e r ,   t h e  ra t io  of 

i s  a maximum f o r   t h e   g i v e n   i n p u t  when 

" 
2.24 

wc - Ts 

T h e   n o i s e   e q u i v a l e n t  
i s  g i v e n   b y   ( r e f e r e n c e  8 ,  

bandwidth,  Af , o f   t h e   f i l t e r   i m p l i e d   b y   e q u a t i o n  (20) 
, pp. 122-143).  

l 2  dw = 0.809 - = - . wc 0.288 
2l-r 

TS 

The t r a n s f e r   f u n c t i o n   f o r   f i l t e r  F 2 ,  whose  output  i s  a l s o  shown i n   f i g u r e 2 3 ,  
was a l s o   t a k e n   t o   b e   t h a t   g i v e n  by e q u a t i o n   ( 2 0 ) .   T h i s   f i l t e r   i s ' f n a t c h e d "   t o  
f ( t )  when 

= -  2.24 
wc Ts 

b u t   s i n c e  i t  i s  r e q u i r e d   t h a t   f i l t e r  F have  less d e l a y   t h a n   f i l t e r  F t h e  
v a l u e  of w was s e l e c t e d   a s  2 1' 

C 

Figure  23  shows how the   de tec t ion   method  can   accommodate  the wide  range  of  
t a r g e t   i n t e n s i t i e s   w h i c h   t h e   s e n s o r   m u s t   o b s e r v e .   T h e   i n p u t   s i g n a l  i s  shown 
c l i p p e d   a t   t h e  50% l e v e l   w h i c h   c o r r e s p o n d s   t o  a b r i g h t   t a r g e t ,   c a u s i n g   t h e   p r e -  
a m p l i f i e r   a t   t h e   p h o t o m u l t i p l i e r   t o  limit ( s a t u r a t e ) .  The   co r re spond ing   ou tpu t  
s i g n a l   f r o n :   f i l t e r   F 1  i s  shown  and i t  s h o u l d   b e   n o t e d   t h a t   t h i s   s i g n a l  i s  sym- 
m e t r i c a l  and   t he  ernploymer!t  of t h e   p e a k   d e t e c t o r   v a r i a b l e   t h r e s h o l d  w i l l  p rov ide  
a n   a c c u r a t e   d e t e c t i o n  of t h e   c l i p p e d   s i g n a l .   A c c u r a t e   d e t e c t i o n   f r e e  of induced 
s y s t e m a t i c   e l e c t r o n i c   e r r o r s  w i l l  b e   r e a l i z a b l e   a s   l o n g   a s   t h e   " n o i s e   f r e e "  
s i g n a l   f r o m  t h e  p h o t o m u l t i p l i e r  i s  s y r m e t r i c a l .   S i g n a l s  from t h e   p h o t o m u l t i -  
p l i e r   w h i c h   e s h i b i t   v a r i a b l e   a s y m m e t r y  will a lways   i n t roduce  some s y s t e m a t i c  
e r r o r s   i n   t h e   d e t e c t i o n   p r o c e s s   i f   c o r r e c t i o n   f a c t o r s   a r e   n o t   d e t e r m i n e d .  

It i s  of i n t e r e s t  t o  compute t h e  s i g n a l - t o - n o i s e   r a t i o   a t   t h e   o u t p u t   o f  
f i l t e r s   F 1  and F 2 .  The t o t a l   n o i s e  power a t   t h e   o u t p u t  of a f i l t e r   u s e d   i n  a 
s c a n n i n g   o p t i c a l   s e n s o r  i s  d e r i v e d   i n   r e f e r e n c e  10 (pp. 111-67 t o  111-83). T h i s  
n o i s e  p n v c r  c o n s i s t s  of  the.  sunmation  of t v o  ccmponents.  One component,  hT1, i s  
d u e   t o   t h e  random v a r i a t i o n  of t h e  photon a r r i ; . a l  r a t e  from t h e   r a d i a n t  power 
j n   t h e  s t a r  image. 'This ncise   component  i s  cc1;u:;only t e rmed   sho t   no i se .  The  
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second  component,  N , a r i s e s   b e c a u s e   o f   t h e   s c a n n i n g  of a non-uniform  back- 
g round   wh ich   cons i sz s   o f  a random s p a t i a l   d i s t r i b u t i o n  of s t a r s  whose  magni- 
t u d e s  are  g r e a t e r   t h a n   t h e   t h r e s h o l d   m a g n i t u d e .  

The   sho t   no i se   power  is g i v e n   b y   ( r e f e r e n c e  10, p .  111-68) 
- m  

N12 = e a2 f J0 h (t) d t  amperes 
2 

where  

e = e l e c t r o n   c h a r g e  

= 1.6  x 10 -19   coul  
e l e c t r o n  

- 
a = f a c t o r   d u e   t o   t h e   n o i s e   i n t r o d u c e d   b y   t h e   d y n o d e   c h a i n   o f   t h e   p h o t o -  

2 

m u l t i p l i e r  
- 
' I  = a v e r a g e   c u r r e n t   g e n e r a t e d   a t   t h e   p h o t o c a t h o d e  by the   ave rage   back -  

g r o u n d   r a d i a n t  power  and t h e   s t a r   r a d i a n t   f l u x .  

11 (t)  d t  i s  e q u a l   t o  2 

W m 

H ( j w )  * H*(jw)  df  = IH(jw>l df 
2 

-W -m 

by   Pa r seva l ' s   t heo rem,   hence   f rom  equa t ion  (26) 
W 

Jo h ( t )   d t  = 2 Af.  2 

- 
T h e   a v e r a g e   c u r r e n t ,  I ,  i n   e q u a t i o n  (27)  c o n s i s t s  of t h e   a v e r a g e   c u r r e n t  

due to b a c k g r o u n d   r a d i a t i o n   p l u s   t h e   c u r r e n t   p r o d u c e d  when t h e   s t a r  image i s  
c e n t e r e d   i n   t h e  s l i t .  The c u r r e n t   p r o d u c e d ' b y   t h e   s t a r   i m a g e  is  inc luded  
s i n c e   t h e   n o i s e   c o m p u t e d   f o r   t h e   p e a k   s i g n a l - t o - n o i s e   m u s t   i n c l u d e   t h e   n o i s e  
g e n e r a t e d  by t h e   s i g n a l   i t s e l f .  

T h e   p e a k   s i g n a l   c u r r e n t   f o r  a s t a r  of  magnitude M i s  g i v e n  
by 

Is - - g o  S X 10 2 - .4M 
4 K 

where 

g o  = t h e   o v e r a l l   o p t i c a l   e f f i c i e n c y  
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D = t h e   e f f e c t i v e   o p t i c a l   a p e r t u r e   . d i a m e t e r  

S = t h e   p h o t o c a t h o d e   s e n s i t i v i t y   p e r   u n i t   a r e a  of o p t i c a l   a p e r t u r e  
for a z e r o   m a g n i t u d e   s t a r   h a v i n g  a g i v e n   s p e c t r a l   e n e r g y   d i s -  
t r i b u t i o n  

M = s t a r   m a g n i t u d e  

The a b o v e   e x p r e s s i o n   f o r  I a s s u m e s   t h a t  100% of t h e   r a d i a n t  power  concen- 
t r a t e d   i n   t h e   s t a r  image is passed  by t h e  s l i t .  However, t h e  s l i t  may b l o c k  a 
s m a l l   p e r c e n t a g e  of t h e   r a d i a n t  power i n   t h e   s t a r  image s o  a s  a w o r s t   c a s e  i t  
i s  assumed t h a t   o n l y  80% o f   t h e   a v a i l a b l e   r a d i a n t  power of t h e   s t a r   i m a g e s  
p a s s e s   t h e  s l i t  ( r e f e r e n c e  8,  pp.  128-129).  

S 

The average  component .of I g e n e r a t e d  by t h e   b a c k g r o u n d   r a d i a t i o n  i s  g i v e n  
- 

by 

IB - B, - D SK 10 - T r 2  -4 
4 NB ‘A 

where 

= t o t a l   i n t e g r a t e d   s t a r l i g h t   f r o m   s t a r s   o f   s i x t h   m a g n i t u d e   a n d  
NB d inne r   wh ich  i s  e x p r e s s e d   a s   e q u i v a l e n t   t e n t h   m a g n i t u d e   s t a r s  

p e r   u n i t   a r e a   o n   t h e   c e l e s t i a l   s p h e r e  

= t o t a l  s l i t  a r e a   p r o j e c t e d   o n   t h e   c e l e s t i a l   s p h e r e  
t h e   p h o t o c a t h o d e   t h r o u g h   t h e  s l i t  p l a n e .  

The. t o t a l  s l i t  a r e a  i s  g i v e n   b y   ( r e f e r e n c e  8, p .  149) 

a s   s e e n  by 

2 

where 

Ns = number  of s l i t s  r a d i a l   t o   t h e   s p i n   a x i s  of t h e   s e n s o r  

sw = r o t a t i o n a l  s l i t  w i d t h   e x p r e s s e d   i n   a r c - m i n u t e s  
- 
r = c a n t   a n g l e   o f   t h e   s e n s o r   o p t i c a l   s y s t e m   w i t h   r e s p e c t  t o  t h e  

v e h i c l e   s p i n   a x i s  

FOV = . f i e l d  of view of t h e   o p t i c a l   s y s t e m ,  

Combining  equat ions (30) , (31), and (32) g i v e s  
- 
I = 0.8 Is + IB . (33 1 

I n   d e r i v i n g   e q u a t i o n  ( 3 3 ) ,  i t  i s  assumed t h a t   t h e   p h o t o m u l t i p l i e r   c a t h o d e   d a r k  
c u r r e n t  is much less t h a n  i. 
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The   no i se   componen t   due   t o   s cann ing   t he   non-un i fo rm  background  is g i v e n  
by ( r e f e r e n c e  10, p. 111-70) 

where 

- 
h 2  = s q u a r e  of t h e   s t a r   i n t e n s i t y   a v e r a g e d   w i t h   r e s p e c t   t o   s t a r  

d e n s i t y   a n d   s t a r   m a g n i t u d e   w i t h   t h e   a v e r a g e   t a k e n   o n l y   f o r  
s tars w h i c h   a r e  dimmer t h a n   t h e   t h r e s h o l d   m a g n i t u d e ,  M,. 

The  mean s q u a r e   i n t e n s i t y  may be  computed a s   f o l l o w s :  

where 

41 = a v e r a g e  number of s t a r s  p e r  s q u a r e   d e g r e e   w i t h i n   t h e  
b r i g h t n e s s   r a n g e  M + 1 / 2   t o  M - 1 /2 .  

F i g u r e  23 shows a p l o t  of t h e   n o i s e - f r e e   o u t p u t   s i g n a l   f o r   b o t h   f i l t e r s  F1 
and F2. A s  c a n   b e   s e e n ,   t h e   n o i s e - f r e e   u n i t y   i n p u t   p e a k  i s  a t t e n u a t e d  by 
f i l t e r  F1 t o   a n   o u t p u t   p e a k   o f  0.76 and is a t t e n u a t e d  by f i l t e r  F2 t o   a n   o u t p u t  
peak of 0.9674.  The  peak of t h e   n o i s e - f r e e   i n p u t   s i g n a l   c o r r e s p o n d s   t o   a n  
assumed  worst   case  of 80% of t h e   t o t a l   r a d i a t i o n   c o n c e n t r a t e d   i n   t h e   s t a r   i m a g e  
w h i c h   p a s s e s   t h e  s l i t  a n d   s t r i k e s   t h e   p h o t o c a t h o d e .   H e n c e ,   t h e   i n p u t   s i g n a l  
p e a k   t o   b o t h   f i l t e r s   c o r r e s p o n d s  t o  0.8 I . T h e r e f o r e ,   t h e   o u t p u t   p e a k   s i g n a l  
f o r   f i l t e r  F c o r r e s p o n d s   t o  S 

1 

SI = 0.8 x 0.76 x SK 10 - . 4 M  E ,,2 
4 ,  ( 3 6 )  

a n d   t h e   o u t p e a k   s i g n a l   f o r   f i l t e r  F c o r r e s p o n d s   t o  2 
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S2 = 0.8 x 0.9674 x S 10 "D. -.4M n 2 
K 4 (37) 

By o b s e r v i n g   e q u a t i o n s  (27),  (30) , (31) , (33) , (35) , and  (36) i t  i s  a p p a r -  
e n t  t h a t   t h e   s q u a r e  of t h e   p e a k   s i g n a l - t o - R M S   n o i s e   r a t i o  may b e   w r i t t e n  as  
f o l l o w s  : 

2 2 
R = @) = [h] = ks D4 

kl D + k2 D 
2 4 

where 

ks = (0.8 x 0.76 x SK 10 1 

k = (0 .8 X 0.967 SK :)2 f o r   f i l t e r  F 
S 2 

- 
k = e a 2 nf (0.8 E, SK + 2 
1 Eo sK N~ sA) 

Equa t ion  (38) may b e   s o l v e d   f o r   t h e   o p t i c a l   a p e r t u r e   d i a m e t e r  s o  t h a t  

S l i t  Width 

B e f o r e   t h e   o p t i c a l   a p e r t u r e   d i a m e t e r   c a n   b e   c a l c u l a t e d ,   t h e  s l i t  wid th   and  
scan   per iod   mus t  be de te rmined .  The r e q u i r e d  s l i t  w i d t h   c a n   b e   d e r i v e d  by 
i d e n t i f y i n g   a n d   c o n s i d e r i n g   t h e   e r r o r   s o u r c e s  of t h e   s c a n n i n g   s t a r   s e n s o r .   T h e  
f o l l o w i n g   e r r o r s  w i l l  b e   e x p e c t e d   t o   d o m i n a t e :  

(1) a n g l e   e n c o d e r   q u a n t i z a t i o n   e r r o r ,  

(2)  u n c e r t a i n t y   i n   t h e   d e t e c t i o n   t h r e s h o l d   c r o s s i n g   d u e   t o   n o i s e  
s u p e r i m p o s e d   o n   t h e   s i g n a l ,  

( 3 )  b e a r i n g  eccen t r i c i t i e s ,  

( 4 )  t h e r x a l   d e f o r m a t i o n  cf s l i t  p a t t e r n   l o c a t i o n ,  
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I 

(5) c h a n g e   o f   c a n t   a n g l e   d u e   t o   t h e r m a l   d e f o r m a t i o n ,  

( 6 )  o p t i c a l   a b e r r a t i o n s ,   a n d  

( 7 )   s e n s o r   m o u n t i n g   e r r o r s .  

The a b o v e   s e v e n   s o u r c e s   o f   e r r o r   s h o u l d   b e   e x p e c t e d   t o   e q u a l l y   c o n t r i b u t e   t o  
t h e   o v e r a l l   e r r o r   f o r  a w e l l  b a l a n c e d   d e s i g n .   H e n c e ,   i f   t h e   o v e r a l l  RMS e r r o r  
is 6 ,  t h e n  

i = 7  

i=l 

F o r   t h e   s c a n n i n g   s e n s o r ,  g s h o u l d   b e  60 a r c   s e c o n d s ;   h e n c e  A = 2 2 . 7   a r c   s e c o n d s .  
N o i s e   s o u r c e  number 2 ,   l i s t e d   a b o v e ,  i s  r e l a t e d   t o   t h e  s l i t  wid th   and   t he   peak  
s i g n a l - t o - R M S   n o i s e   r a t i o .   T h e   u n c e r t a i n t y   i n   t h e   t h r e s h o l d   c r o s s i n g   e x p r e s s e d  
i n  terms of t h e  s l i t  w i d t h  i s  a p p r o x i m a t e l y   e q u a l   t o   t h e  s l i t  w i d t h   d i v i d e d  by 
t h e   s i g n a l - t o - R M S   n o i s e   r a t i o .   F o r  a r e l i a b l e   s e n s o r   d e s i g n  it i s  a p r a c t i c a l  
r e q u i r e m e n t   t h a t   t h e   p e a k   s i g n a l - t o - R M S   n o i s e   r a t i o   b e   a t   l e a s t   t e n   t o   o n e .  
T h e r e f o r e ,   t h e  s l i t  w i d t h ,  sw, r e q u i r e d   f o r   a n  RMS d e t e c t i o n   e r r o r  of A = 22.7 
a r c   s e c o n d s  i s  

- 

h 

su = (i) x = 3.77 a r c   m i n u t e s .  1 

Scan   Pe r iod  

Some of t h e   p a r a m e t e r s   t h a t   a f f e c t  t h e .   s c a n   p e r i o d   a r e   f i e l d  of view  and 
c a n t   a n g l e .   C o m p u t e r   s i m u l a t i o n s   o f   o r b i t a l   s i g h t i n g s  of Deimos,  Phobos,  and 
t h e   s t a r   f i e l d   d u r i n g   t h e   m i s s i o n   h a v e   d e f i n e d   t h e   a n g l e  of t h e   o p t i c a l   a x i s  
w i t h   r e s p e c t   t o   t h e   v e h i c l e   s p i n   a x i s   ( c a n t   a n g l e )   a s  45 d e g r e e s .   I n  "Detect- 
a b i l i t y  of t h e  Moons", o t h e r   i n s t r u m e n t   f i e l d s  of view  and minimum b r i g h t   s o u r c e  
s h i e l d   a n g l e s   ( t h u s ,  a c o r r e s p o n d i n g   c h a n g e   i n   c a n t   a n g l e )  were r u n ,   b u t   t h e s e  
c a s e s   g a v e   e i t h e r   m a r g i n a l l y   a c c e p t a b l e  Photos d e t e c t a b i l i t y  o r  i m p l i e d   a n   i n -  
s t r u m e n t  of u n a c c e p t a b l y   l a r g e   d i m e n s i o n s .  

T h e   a r e a   s c a n n e d   o n   t h e   c e l e s t i a l   s p h e r e   d u r i n g   o n e   r e v o l u t i o n  of t h e   s p i n  
a x i s  i s  ( r e f e r e n c e  11, pp.  23-26) .-. 

L 

* S  = 2rr [cos (r - y-) - c o s  (r + y)-j ( l S 8  x lo2) ( d e g r e e s )  2 
n (42 1 

= 0.505 x 10 ( d e g r e e s )  . 4 2 
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From r e fe rence   12 ,   t he   ave rage  number of s t a r s   p e r   s q u a r e   d e g r e e  of  second 
magni tude   (photographic)   o r   b r igh ter  is  g i v e n   a s  9.12 x Hence,  the  aver- 
age number of s t a r s   d e t e c t e d   p e r   s c a n   p e r i o d  is 9.12 x x 0.505 x 104 = 4 . 6 .  
I n   o r d e r   t o  l i m i t  t h e   a c c u m u l a t i v e   a t t i t u d e   e r r o r   r e s u l t i n g   f r o m   a n   i m p e r f e c t  
mathematical   model   assumed  for   the  vehicle   motion,  i t  i s  r e q u i r e d   t h a t   t h e  time 
between s t a r   t r a n s i t s  be  l i m i t e d   t o   f i f t y   s e c o n d s ,   o r  less. 
So, a scan  per iod  of  

s e c o n d s   t r a n s i t s  
= 50 t r a n s i t  x 4 . 6  r e v o l u t i o n  = 270.0  seconds  or less 

meets th i s   r equ i r emen t .  A s  a r e su l t ,   equa t ion   (39 )  w i l l  b e   s o l v e d   f o r   t h e  
o p t i c a l   a p e r t u r e   d i a m e t e r   f o r   b o t h  T = 120  seconds  and T = 60 seconds.  

Aper ture  

The p h o t o c a t h o d e   s e n s i t i v i t y   f o r   a n  EMR type-N  cathode is  ( r e fe rence  11, 
pp.  29-37) 

sK = 8.25 x 10- 14 amp 
2 

Ccm) 

f o r  a zero  magni tude  c lass  A 0  s t a r ,  s o  f o r   f i l t e r  F and M = 2 ,  k i n  equa- 
t i on   (38 )  i s  1 S 

k = 0.39 x 10 
-28 

s (43 1 

f o r  T = 120  seconds  and G. = 3.8   a rc   minutes ,  Ts = 2.11 x 10  seconds  from 
which 

-2 

Af = 
0.288 

= 1 3 . 6   H e r t z   f o r   f i l t e r  F1. 
0.211 x 10-1 

- 
The pho tomul t ip l e r   ga in   no i se   f ac to r  i s  a = (1 .3)2  ( re5erence 10, pp. V-42 t o  
V-50; r e fe rence  13 , pp.  126-127)  and SA = 2.66   (degree)   for  Ns = 3 , & = 3.8 
a rc   minu te s  , r = 45O,  and f i e l d  of view = 20'. So,  f o r  a s t e l l a r  background of 
NB = 320  ten th   magni tude   s ta rs  p e r  (degree) '   ( reference 10, p .  111-60) and  an 
o v e r a l l   o p t i c a l   e f f i c i e n c y  of eo = 0.5, 

2 

kl = '5.07 x 10 . -32 
(44 1 

The mean s q u a r e   i n t e n s i t y  as determined by equation  (35) may b e  computed 
from  data  given  by'  C. W. Allen   ( re ference   12 ,  p .  135)  with M, = 2.   This   data  
and t h e   c o m p u t a t i o n s   a r e   t a b u l a t e d   i n   T a b l e  X I V  f o r  M = 3 t o  M = 10 .   The   r e su l t  
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r 
TABLE XIV 

COMPUTATION OF MEAN SQUARE INTENSITY FOR STELLAR BACKGROUND 

M 

3 

4 

5 

6 

7 

8 

9 

10 

AM 
2.69 x 

8.31 x 

2.51 x 

7.95 x 

2.14 x 10-l' 

5.62 x 10-1 

1.55 

4.17 

2.51 x 10 

1.58 x 10 

2 

3 

lo4 
6 . 3  x 10 

3.98 x 10 

2.51 x 10 

1.58 x 10 

4 

5 

6 

7 

lo8 

0.11 x 

0.05 x 

0.025 x 

0.013 x 

0.0054 x 

0.0022 x 

0.00098 x 

0.00042 x 

T h e   i n t e g r a l   i n   e q u a t i o n  ( 3 4 )  was r e w r i t t e n  a s  

n 

0.207 x = l2 1% - 

where 
m 

T h i s   i n t e g r a l  was e v a l u a t e d   n u m e r i c a l l y   f o r  = - 2124y w i t h   t h e   r e s u l t  

J = 0.41. Her.ce, 
WC 

S 

k2 = 2.41 x 10 . -32 

F o r  a peak   s igna l - to -RMS  no i se   r a t io  of t e n   t o   o n e ,  R = 10 2 i n   e q u a t i o n  (39), 
so 

D = 0.37 c m  = 0.146 i n c h .  

T h i s   a p e r t u r e  i s  q u i t e   s m a l l ,  s o  i t  i s  p o s s i b l e  t o  r e d u c e   t h e   s c a n   p e r i o d .  

D = 0.525 c m  = 0.206 i nch .  
R e p e n t i n g   t h e   c o m p u t a t i o n s   f o r  T = 60 seconds 
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It i s  i n t e r e s t i n g   t o   n o t e   f o r   t h i s   c a s e  N 1  = 2.82 x 10 and NZ = 0.183 x 
The  scanning   no ise   power ,  N Z ,  t e n d s   t o   b e   s m a l l  i f  t h e   l i m i t l n g   o p t i c a l  

-32 

a p e r   u r e   d i a m e t e r  i s  be low  one   cen t lmeter   because  N1 = kl D2, whereas  N2 = 
k D . I n   g e n e r a l ,  small o p t i c a l   a p e r t u r e   d i a m e t e r s   r e s u l t   b e c a u s e  of v e r y  
s1ow s c a n  rates.  

z 

30 = 0.82 X 10 f o r  T = 6 0   s e c o n d s ,  2 
F o r   f i l t e r  F, = T 

so 

k, = 30.6 x 10 . -32 
J. 

A l s o ,   t h e   i n t e g r a l  n e q u a t i o n  ( 4 5 )  becomes J = 5 . 2  X 10 when wC is t r i p l e d ,  

i n p u t   p e a k ,  k = 0.628 Ei;Ee2'. T h e r e f   o r e ,  

- 1  

SO k2 = 3.06 X 10- 3 i  . h e   o u t p u t   p u l s e   f r o m  F2 peaks a t  0 .967  of   the 

S 

2 
R = (i) = 55 o r  - = 7.42 when D = 0.206  inch.  

S 
N 

The  diameter   of   0 .21  inch i s  s t i l l  p h y s i c a l l y   s m a l l  s o  t h e   o p t i c a l   a p e r t u r e  
d i a m e t e r   c a n   b e   i n c r e a s e d   t o  0.5 i n c h   w i t h o u t   c o m p r o m i s i n g   s i z e   c o n s t r a i n t s .  
F o r  D = 0.5 i n c h  = 1.25 c m  and T = 60   s econds ,   t he   peak   s igna l - to -RMS  no i se  
r a t i o   a t   t h e   o u t p u t   o f   f i l t e r  F1 becomes  21.1  and a t   t h e   o u t p u t  of  F2  becomes 
16.9.  

Op t i ca l   Sys t em 

B o t h   r e f l e c t i v e   a n d   r e f r a c t i v e   o p t i c a l   s y s t e m s  were c o n s i d e r e d   f o r  the  ap -  
p l i c a t i o n .  A 20' f i e l d  o f   v i e w   c a u s e s   s e r i o u s   c e n t r a l   o b s c u r a t i o n   i n   a n y  re- 
f r a c t i v e   s y s t e m   e v e n   a t   t h e   f o c a l   s u r f a c e  of t h e   s y s t e m .   F o r   t h e   s c a n n i n g  
c o n f i g u r a t i o n ,  a 10  mTn image s i z e   c o u l d   b e   o b t a i n e d   w i t h   t h e  PPiT d i r e c t l y   i n  
c o n t a c t   w i t h   t h e   f o c a l   s u r f a c e .  However, s i n c e  i t  i s  a d v a n t a g e o u s   t o   r o t a t e  
t h e   o p t i c a l   s y s t e m   a b o u t   a n   a x i s   c a n t e d  45' f r o m   t h e   o p t i c a l   a x i s ,   t h e   p r e s e n c e  
of a F'MT i n   t h e   r o t a t i n g  member w o u l d   r e q u i r e   r o t a t i n g   e l e c t r i c a l   c o n t a c t s   b e -  
tween t h e  DIT,  t h e  PMT s u p p l . y ,   a n d   d e t e c t i o n   e l e c t r o n i c s .   T h e   f o c a l   s u r f a c e  
c o u l d   b e   s h i f t e d   o u t s i d e   t h e   p r i m a r y   m i r r o r   . h o u s i n g   e i t h e r  by a p l a n e   m i r r o r ,   a s  
i n  a N e w t o n i a n   c o n f i g u r a t i o n ,   o r  by a h y p e r b o l i c   s e c o n d a r y   a s   i n  a C a s s e g r a i n  
c o n f i g u r a t i o n .  In e i t h e r   c a s e ,   h o w e v e r ,   t h e   r e s u l t   o f   t h e   i m a g e   t r a n s f e r   w o u l d  
b e   a n   i n c r e a s e   i n   c e n t r a l   o b s c u r a t i o n .   D e c r e a s e   i n   r e l a t i v e   a p e r t u r e   r e q u i r e d  
t o  c o m p e n s a t e   f o r   t h e   i n c r e a s e d   o b s c u r a t i o n   w o u l d   i n c r e a s e   t h e   s i z e   o f   t h e   b l u r  
s p o t   b e y o n d   t h e   b a s e l i n e   r e q u i r e m e n t  of 1 0  mTn. Thus ,  a r e f l e c t i v e   s y s t e m  was 
n o t   f e a s i b l e   f o r   t h i s   a p p l i c a t i o n  

T h e   d i f f i c u l t i e s   i n h e r e n t  i n  t h e   w i d e   f i e l d   r e q u i r e m e n t   f o r  a r e f l e c t i v e   o r  
c a t a d i o p t r i c   s y s t e m  are  n o t   p r e s e n t   i n   t h e   p r o p o s e d   r e f r a c t i v e   s y s t e m ,  shown i n  
f i g u r e  2 4 ,  a s  a modi f i ed   doub le   gauss   sys t em of n i n e   e l e m e n t s   w i t h   t h r e e   c e m e n t -  
e d   d o u b l e t s .   T h e   p r e s c r i p t i o n   h a s  beer. a d j u s t e d   t o   g i v e   n a x i m u n   e f f i c i e n c y   o f  
l ighl :  t r a n s f e r  when t h e   s t a r  inage formed by t h e  l e n s  is scanned by a r a d i a l  
s l i t .  T h e   p a r a m e t e r s   c o n t r o l l i n g   t h e   m a j o r   o f f - a x i s   a b e r r a t i o n s ,  cmna and 
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a s t i p a t i s m ,  were s e l e c t e d   t o   p r o d u c e   i m a g e   s h a p e s   n a r r o w   i n   t h e   d i r e c t i o n   o f  
the s l i t  scan .   The   image   su r f ace  i s  s l i g h t l y   c o n c a v e   t o   t h e   l e n s   w i t h  a r a d i u s  
of 38 i n c h e s .   T h e   d i a m e t r a l   d i m e n s i o n s   o f   t h e   o p t i c a l   s y s t e m  are c h o s e n   t o  
p r o d u c e   n o   v i g n e t t i n g   o f   t h e   i m a g e   i n t e n s i t y   f o r   o b j e c t s  loo o f f   t h e   o p t i c a l  
a x i s .  

T r a n s f e r   o f   l i g h t   p a s s i n g   t h r o u g h   t h e  s l i t s  t o   t h e   p h o t o s e n s i t i v e   s u r f a c e  
of the p h o t o m u l t i p l i e r  (W) o c c u r s   a t   t h e   i n t e r f a c e   b e t w e e n   t h e   r o t a t i n g   i m a g e  
s u r f a c e   a n d   t h e   s t a t i o n a r y  PMT. The F’MT was  chosen s o  t h a t   t h e   m o s t   e x t r e m e  
r a y  from t h e   u p p e r   p a r t   o f   t h e  s l i t  f a l l s   w i t h i n   t h e   p h o t o s e n s i t i v e   b o u n d a r y  
of t h e  PMT c a t h o d e .   R e f l e c t i v e   s u r f a c e s  on t h e   h o u s i n g   s u r r o u n d i n g   t h e   i m a g e  
surface-PMT i n t e r f a c e   i n c r e a s e   t h e   e f f i c i e n c y   o f   t h e   t r a n s f e r  by r e d i r e c t i n g  
l i g h t   i n t o   t h e  DIT. 

P h o t o d e t e c t o r   S e l e c t i o n  

I n   o r d e r   t o   a c h i e v e   a d e q u a t e   s i g n a l - t o - n o i s e   r a t i o s   w i t h  a minimum a p e r -  
t u r e   o p t i c a l   s y s t e m   f o r   t h e   d e t e c t i o n  of s t a r   s i g n a l s   w i t h   t h e   s c a n n i n g   s t a r  
s e n s o r ,  i t  is  r e q u i r e d   t h a t   t h e   p h o t o d e t e c t o r   b e  a p h o t o m u l t i p l i e r .   P r e v i o u s  
i n v e s t i g a t i o n s   h a v e  shown t h a t   c u r r e n t   s o l i d   s t a t e   d e t e c t o r s   a r e   i n a d e q u a t e   o r ,  
a t   b e s t ,   m a r g i n a l   f o r   s e n s o r s   r o t a t i n g   a t   r e l a t i v e l y   s h o r t   s c a n   p e r i o d s .  One 
of t h e   p r i n c i p a l   r e a s o n s   f o r   t h e   s u p e r i o r i t y  of p h o t c m u l t i p l i e r s  i s  t h e   r e l a -  
t i v e   n o i s e - f r e e   g a i n   a c h i e v e d   b y   t h e   e l e c t r o n   m u l t i p l i c a t i o n   p r o v i d e d   b y   t h e  
s e c o n d a r y   e m i s s i o n s   o f   t h e   p h o t o m u l t i p l i e r   d y n o d e   c h a i n   ( r e f e r e n c e  13). The 
d y n o d e   c h a i n   p r o v i d e s   a d e q u a t e   g a i n   t o   r a i s e   t h e   s i g n a l   l e v e l s  w e l l  above   t he  
l e v e l  of t h e   t h e r m a l   J o h n s o n   n o i s e   o f   t h e   p h o t o d e t e c t o r   l o a d   r e s i s t o r .  

E x t e n s i v e   i n v e s t i g a t i o n   h a s   b e e n   p e r f o r m e d   i n   t h e   a p p l i c a b i l i t y   o f   p h o t o -  
m u l t i p l i e r   t u b e s .   T h e   r e s u l t s  of t h e s e   i n v e s t i g a t i o n s   h a v e  shown t h a t   V e c e t i a n  
b l i n d   t u b e s   a r e  optimum f o r   s e v e r a l   r e a s o n s ;   i n   p a r t i c u l a r ,   t h e   r u g g e d   t u b e  
s t r u c t u r e ,   t h e   l a r g e   p h o t o c a t h o d e   a r e a ,   a n d   t h e   h i g h   m u l t i p l i e r   g a i n   a r e  some 
of i t s  o u t s t a n d i n g   c h a r a c t e r i s t i c s .   V e n e t i a n   b l i n d   p h o t o m u l t i p l i e r s   h a v e   b e e n  
u t i l i z e d   i n  two  prev ious  SCADS-type e x p e r i m e n t a l   s y s t e m s .   F o r  a b readboard  
des ign   o f  SCADS sys t em (NAS5-9661), a V e n e t i a n   b l i n d   t u b e   d e s i g n a t e d   a s   t h e  
EMR-543A (manufac tured   by   Elec t ro-Mechanica l   Research ,   Inc . )   was   employed .  
F o r   t h e  ATS S e l f - c o n t a i n e d   N a v i g a t i o n   S y s t e m   E x p e r i m e n t ,   t h e   V e n e t i a n   b l i n d  
photomul t ip l ie r   employed   was   an  EMR-541E. ‘Both t u b e s  were ruggedized   and  
c a p a b l e   o f   w i t h s t a n d i n g   t h e   e n v i r o n m e n t   o f   s p a c e   v e h i c l e   l a u n c h i n g .   S i n c e  
b o t h   t u b e   t y p e s   s u p p l i e d  by ENR p e r f o r m e d   s a t i s f a c t o r i l y ,   t h i s   s t u d y  w i l l  
p r i m a r i l y   c o n s i d e r  EMR p h o t o m u l t i p l i e r s .  

The   ca thode   t ype   employed   by   t he   pho tomul t ip l i e r  i s  p a r t i c u l a r l y   i m p o r t a n t  
i n   s c a n n i n g   s e n s o r   a p p l i c a t i o n s .  It i s  d e s i r a b l e   t h a t   t h e   c a t h o d e   e x h i b i t   h i g h  
quantum  e f f ic iency   and  a low d a r k   e m i s s i o n   r a t e .  EMR h a s   g i v e n  le t ter  d e s i g n a -  
t i o n s   t o   i n d i c a t e   d i f f e r e n t   c a t h o d e   t y p e s .   F o r   e x a m p l e ,   t h e  EMK-543A h a s  a 
c a t h o d e   d e s i g n a t e d .   a s   a n  “A” ca thode ,   and  i t s  r e s p o n s e   c o n f o r m s   c l o s e l y   t o   a n  
S-4 r e s p o n s e   w i t h  a t y p i c a l   p e a k   q u a n t u m   e f f i c i e n c y   o f   f o u r t e e n   p e r c e n t   a n d  a 
c a t h o d e   d a r k   c u r r e n t  . ~ f  .274 x ampere   pe r   squa re   r en t ime te r   o f   ca thode  
a r e a  a t  +2OoC. S i m i l a r l y  , t h e  ENR-5LclE h a s   a n  “E” cathode  which  conforms 
c l o s e l y   t o   a n  S - 2 0  r e s p o n s e   w i t h  a t y p i c a l   p e a k   q u a n t u m   e f f i c i e n c y   o f  
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twenty-f ive  percent   and a ca thode   da rk   cu r ren t  of .407 x 10l6 ampere  per  square 
c e n t i m e t e r   a t  +20°C. The "E" ca thode   has  a broad  range  of   spectral   response,  
p lus  i t s  p e a k   s e n s i t i v i t y   c o r r e s p o n d s   c l o s e l y   w i t h   t h e   s p e c t r a l   e n e r g y   d i s t r i -  
b u t i o n  of b l u e   s t a r s .   T h e  EMR "N" type   ca thode   has  a h igher   quantum  e f f ic iency  
t h a n   t h e  IfAIf t y p e   b u t  i s  somewhat less e f f i c i e n t   t h a n   t h e  "E" type.   The "N'I  

ca thode  response  conforms  c losely  to   the  S-11  response.   Typical   peak  quantum 
e f f   i c i e n c  of "Nfr cathode is 21.5 percent;  however, i ts  da rk   cu r ren t  is 
.51 x ampere   pe r   squa re   cen t ime te r   a t  +20°C. Hence, i ts  d a r k   c u r r e n t  
c h a r a c t e r i s t i c  i s  much s u p e r i o r   t o   e i t h e r   t h e  "A" o r  "E" ca thodes .   In   add i t ion ,  
t h e  "N" cathode  can  withstand a much h igher   t empera ture  (+15OoC) t h a n   e i t h e r  
t h e  "A" (+75OC) o r  "Etf (+85OC) ca thodes .   The   h igh   tempera ture   charac te r i s t ic  
is  p a r t i c u l a r l y   a t t r a c t i v e   s i n c e  some ca thode   hea t ing  i s  l i k e l y   t o   o c c u r   i f  
e v e r   t h e   s e n s o r  sees e i t h e r   d i r e c t   s u n   r a d i a t i o n   o r   E a r t h - r e f l e c t e d   s u n   r a d i a -  
t ion .  

Because  of its d e s i r a b l e   c h a r a c t e r i s t i c s  of r e l a t i v e l y   h i g h  quantum e f f i -  
c i ency ,  low dark   cu r ren t   and   t o l e rance   t o   h igh   t empera tu res ,   t he  EMR type  "N" 
cathode is  recommended fo r   t he   p re sen t   s cann ing   s enso r .  The type  "N" cathode 
is c u r r e n t l y   a v a i l a b l e   i n   t h e  EMR-541N pho tomul t ip l i e r .  The a c t i v e   c a t h o d e  
diameter   of   the  EMR-541N i s  25 millimeters which is s u f f i c i e n t l y   l a r g e   t o  
co l l ec t   t he   ene rgy   f rom  the   can ted   op t i ca l   sys t em.  

Sensor   E lec t ronics  

F igu re   25   p rov ides   an   e l ec t ron ic   b lock   d i ag ram  fo r   t he   ce l e s t i a l   s cann ing  
senso r .  The pr imary   func t ions  of t h e   e l e c t r o n i c s   a r e  summarized  below: 

Conver t s   r ad ian   s t a r   ene rgy   pas s ing   t h rough   t he   ro t a t ing  s l i t  
mask i n t o   e l e c t r i c a l   s i g n a l s   u s i n g  a p h o t o m u l t i p l i e r   d e t e c t o r .  

Ampl i f i e s   ana log   s igna l s   f rom  the   pho tomul t ip l i e r   t o   l eve l s  
c o n v e n i e n t   f o r   s i g n a l   d e t e c t i o n  and data   encoding.  

F i l t e r s   a n a l o g   s i g n a l s   t o  maximize t h e   s i g n a l - t o - n o i s e   r a t i o  
and t o   a l s o . p r e s e r v e   t h e   p u l s e   s h a p e   i n   o r d e r   t o   a c h i e v e   t h e  
bes t   poss ib le   sys tem  accuracy .  

Detects f i l t e r e d   a n a l o g   s i g n a l s  by threshold   de tec t ion   where  
t h e   t h r e s h o l d  is au tomat i ca l ly  s e t  t o   t r i g g e r   a t  50% of t h e  
s igna l   peak   th rough  use  of a p e a k   d e t e c t o r   c i r c u i t ,   d e l a y  
f i l t e r ,  and l e v e l   d e t e c t o r .  

Encodes  with  an  incremental   angle  encoder (14 b i t s / r e v o l u t i o n ) ,  
t h e   a n g u l a r   r o t a t i o n s  of the   sensor   op t ics   and  re t ic le  plane 
d r iven  by a low power?  brushless  DC motor. 

Counts   the  number of   pulses   f rom  the  incremental   angle   encoder  
wi th  a one b i t   c o u n t e r  which  cont inuously  cycles   once  per  
r e v o l u t i o n  of t h e   o p t i c s  and s l i t  re t ic le .  
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(7) G a t e s   t h e   c o n t e n t s  of t h e   1 4   b i t   c o u n t e r   i n t o   t e m p o r a r y   d a t a  
s t o r a g e   a t   t h e   i n s t a n t  of l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g   a n d  
a l s o   a t   t h e   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g  of t h e   s i g n a l  
p u l s e   t h r e s h o l d   d e t e c t i o n ,   p r o d u c e d   e a c h  time a n  image  of a 
s t e l l a r  body t r a n s i t s   a n y   o n e  of t h e   t h r e e  s l i t s  i n   t h e  re t i -  
c le  mask. 

(8) Detects o v e r l o a d   c o n d i t i o n s   o f   t h e   p h o t o m u l t i p l i e r   a n d   r e v e r s e  
b i a s e s   t h e   c a t h o d e - f i r s t   d y n o d e   t o   p r e v e n t   c a t h o d e   d e g r a d a t i o n  
c a u s e d   b y   M a r s   r e f l e c t e d   s u n l i g h t   e n t e r i n g   t h e   o p t i c s   o r  by 
i n a d v e r t e n t   s c a n n i n g   o f   t h e   s u n .  

E s t i m a t e d   S e n s o r  Power  Requirement 

The   e s t ima ted   power   r equ i r ed   fo r   t he   s canne r  is 7.9 w a t t s   d i s t r i b u t e d   t o  
t h e   v a r i o u s   p a r t s  of t h e   i n s t r u m e n t   a s   f o l l o w s :  

Pho tomul t ip l i e r   H igh   Vo l t age   Power   Supp ly  0 . 5  w a t t s  
Angle  Encoder 2.5  w a t t s  
Mot o r  3 . 0  w a t t s  
E l e c t r o n i c s   1 . 4   w a t t s  
Low Voltage  Power  Supply 0.5 w a t t s  

T o t a l   7 . 9   w a t t s  

Mechanica l   Des ign   and   Sensor   Conf igura t ion  

The d e s i g n   c o n c e p t   f o r   t h e   c e l e s t i a l   s c a n n e r  i s  shown i n   F i g u r e  26 
(CDC Dwg. No. 55003800) .  T h e   l i g h t :   s h i e l d   a n d   o p t i c s   a r e  mounted a t   t h e   t o p   o f  
a t u b e   w h i c h   s u r r o u n d s   t h e   p h o t o m u l , t i p l i e r   t u b e   a n d   r o t a t e s   i n   t w o   a z i m u t h  
b e a r i n g s .   T h e s e   b e a r i n g s   a r e   m o u n t e d   i n   t h e   i n s t r u m e n t   h o u s i n g   s e p a r a t e d  by 
t w o   b e a r i n g   s p a c e r   s l e e v e s   u s e d   t o   c o n t r o l   b e a r i n g   p r e l o a d .   T h e   p h o t o m u l t i -  
p l i e r   t u b e  i s  mounted i n   t h e   b a s e   c o v e r   p l a t e   o f   t h e   h o u s i n g   w h i c h  i s  s t a t i o n -  
a r y .  

The   d r ive   mo to r   and   speed   r educe r   a s sembly  i s  mouated on t h e   b a s e   c o v e r  
p l a t e   w i t h   t h e   d r i v i n g   p i n i o n   e x t e n d i n g   t h r o u g h   t h e   p l a t e   t o   e n g a g e   a n   i n t e r n a l  
gear  mounted on t h e  end of t h e   r o t a t i n g   t u b e   w h i c h   s u p p o r t s   t h e   o p t i c s .   T h e  
a n g l e   e n c o d e r  i s  moun ted   nea r   t he   t op  of t h e   t u b e   w i t h   t h e   p h o t o h e a d s   a t t a c h e d  
t o   t h e   h o u s i n g .  

The  dr ive  motor   would  be a b r u s h l e s s  DC m o t o r   s i m i l a r   i n   d e s i g n   t o  a u n i t  
made  by the   Mar ine   Sys t ems   D iv i s ion  of S p e r r y  Xand C o r p o r a t i o n .   T h e i r   h r u s h -  
less DC m o t o r s   a r e   q u a l i f i e d   f o r   s p a c e   a p p l i c a t i o n   a n d   c a n   b e   o p e r a t e d   u n s e a l e d  
w i t h   s e r v i c e   l i f e   i n   e x c e s s   o f   t h e   9 0 - d a y   o p e r a t i n g   p e r i o d  f o r  t h e   V i k i n g  
mis s ion .   Wi th  a m o t o r   w h i c h   c a n   b e   o p e r a t e d   u n s e a l e d ,   t h e   h a r m o n i c   d r i v e   c a n  
b e   e l i m i n a t e d   w i t h  a s a v i n g s   i n   w e i g h t   a n d  power  consumption. 

The   bea r ings  of s m a l l e r   c r o s s   s e c t i o n   a r e  of t h e   t o r q u e   t u b e   t y p e   s i m i l a r  
t o   F a f n i r  APlVN546K b u t   w i t h   s e p a r a t o r   a n d   l u b r i c a t i o n   f o r   o p e r a t i o n   i n   t h e   h a r d  
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Figure  26: Mechanical   configurat ion  for   scanning  sensor .  
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vacuum  of s p a c e .   S i n c e   t h e s e   b e a r i n g s   r o t a t e  a t  t h e  low o p t i c a l   s c a n n i n g  r a t e  
of o n e   r e v o l u t i o n   p e r   m i n u t e ,   g i v i n g  a t o t a l  of approx ima te ly  lo5 r e v o l u t i o n s  
(for t h e  9 0 - d a y   o p e r a t i n g   p e r i o d )   u n d e r   e s s e n t i a l l y   n o   l o a d ,   a d e q u a t e   b e a r i n g  
l i f e  is a s s u r e d .  

T h e   e s t i m a t e d   w e i g h t   o f   t h e   s e n s o r   d e s i g n  is  7 .0  pounds .   Table  XV shows 
a summary of t h e   e s t i m a t e d   w e i g h t s  of   component   par ts .  

TABLE XV 

CELESTIAL SCANNER WEIGHT SUMMARY 
___ _ .  

L i g h t   S h i e l d  
Optics   Assembly 
Pho tomul t ip l i e r   w i th   H igh-Vol t age  Power  Supply 
Angle  Encoder 
Motor ,   Speed  Reducer   and  Motor   Controls  
Bear ings ,   Spacers   and   Ring   Nuts  
Housing 
Elec t ronics   Assembly  

~~ ~ ~ ~~~ ~~~ ~- 

.41 

.50 
1 .oo 

.19 

.67 

.78 
1.65 
1.80 

7.00 l b s  
- 

T h e   s p a c e   r e q u i r e d  by t h e   s c a n n e r  will b e   t h e   v o l u m e   o f   t h e   s t a t i o n a r y  
h o u s i n g   a n d   d r i v e   m o t o r ,   p l u s   t h e   s w e p t   v o l u m e   o f   t h e   l i g h t   s h i e l d   a n d   o p t i c s .  
A s k e t c h   o f   t h e   s p a c e   e n v e l o p e   o f   t h e   s c a n n e r  i s  shown i n   f i g u r e  2 7 .  The  over-  
a l l  he i .gh t   o f   the   requi red   space   envelope  is 18 .81   i nches .  The maximum diam- 
eter of t h e   h o u s i n g  i.s 5.0 inches .   The   motor   ex tends  6.75 inches   be low  the  
f l a n g e .  The maximum d i a m e t e r   s w e p t   b y   t h e   r o t a t i n g   l i g h t   s h i e l d  is 18.88 
i n c h e s   a t  a he ight   o f  7.38 i n c h e s   a b o v e   t h e   f l a n g e .  

V a r i a n c e   C a l c u l a t i o n   f o r   S t a r   P u l s e   T r a n s i t  Time 

S t a r   p u l s e   t r a n s i t  time may b e   a c c u r a t e l y   m e a s u r e d  by a v e r a g i n g   t h e   l e a d -  
i n g   a n d   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g  times. It i s  p o s s i b l e   t o   d e r i v e   a n  
a n a l y t i c   e x p r e s s i o n   f o r   t h e   t r a n s i t  time va r i ance   f rom a few s i m p l e ,   v a l i d  
a s sumpt ions .   The   no i se   ampl i tude  i s  assumed t o   h a v e  a s t a t i o n a r y   G a u s s i a n  
d e n s i t y   f u n c t i o n   a n d   t h e   s l o p e  of t h e   n o i s e - f r e e   s i g n a l  i s  assumed t o   b e   c o n -  
s t a n t   i n   t h e   v i c i n i t y   o f   t h e   t h r e s h o l d   c r o s s i n g s .   T h e  FNS n o i s e   l e v e l  i s  
assumed t o   b e   r e l a t i v e l y   s m a l l   w i t h   r e s p e c t   t o   t h e   n o i s e - f r e e   s i g n a l   w h i c h  
mus t  b e   t r u e  to a c h i e v e   r e l i a b l e   s i g n a l   d e t e c t i o n .   T h e   t r a n s i t  time v a r i a n c e  
may b e   c a l c u l a t e d   g i v e n   t h e   s l o p e  of t h e   n o i s e - f r e e   s i g n a l   a t   b o t h   t h e   l e a d i n g  
a n d   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g s ,   t h e   c o r r e l a t i o n   c o e f f i c i e n t  of t h e   n o i s e  
a m p l i t u d e s   i n   t h e   v i c i n i t y   o f   t h e   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g  t i m e  w i t h  
r e s p e c t   t o   t h e   a m p l i t u d e s   a t   t h e   l e a d i n g   e d g e   c r o s s i n g  time, a n d   t h e   v a r i a n c e  
of t h e   n o i s e   a m p l i t u d e .  
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F i g u r e  27: S p a c e -  Enve lope  of C e l e s t i a l  S c a n n e r .  
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F i g u r e   2 8   i l l u s t r a t e s   t h e   t h r e s h o l d   c r o s s i n g s   o f   t h e   n o i s e - f r e e  s t a r  
s i g n a l   a n d   t h e  s t a r  s i g n a l   w i t h   s u p e r i m p o s e d   n o i s e .  The l e a d i n g   e d g e   t h r e s h o l d  
c r o s s i n g  of t h e   n o i s e - f r e e   s i g n a l   o c c u r s   a t  time T and i t s  t r a i l i n g   e d g e  
c r o s s i n g   o c c u r s  a t  Tb. Supe r impos ing   r andom  no i se   on   t he   no i se - f r ee   s igna l  
c a u s e s  a random time e r r o r ,  t l ,  i n   t h e   l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g .  The 
l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g   o f   t h e   n o i s y   s t a r   p u l s e   t h e n  becomes a random 
v a r i a b l e  

a 

T1 = t l  + Ta. 

S i m i l a r l y ,  random n o i s e   c a u s e s  a random t i m e  e r r o r ,  t , i n   t h e   t r a i l i n g   e d g e  
t h r e s h o l d   c r o s s i n g  time, so  t h e   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g  of t h e   n o i s y  
s t a r   p u l s e  becomes a random v a r i a b l e  

T2 = t + Tb. 2 

S i n c e   t h e   a v e r a g e   o f   t h e   t h r e s h o l d   c r o s s i n g  times d e f i n e s   t h e   s t a r   p u l s e  
t r a n s i t  time, ts = %(T + T ) , t h e   v a r i a n c e  of t h e   t r a n s i t  t i m e  i s  g i v e n  by 

1 2  

2 [Tl + 2 a 
CJ (t,) = E 7 - 2 

(47 1 

From f i g u r e  28 t h e   s l o p e  of t h e   n o i s e - f r e e   s i g n a l   i n   t h e   v i c i n i t y  of Ta i s  
g i v e n  by + kl, a n d   t h e   s l o p e  of t h e   n o i s e - f r e e   s i g n a l   i n   t h e   v i c i n i t y  of Tb i s  
g i v e n  by - k p .  A t  t h e   l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g  of t h e   n o i s y   s t a r   p u l s e ,  
t h e   n o i s e   a m p l i t u d e  i s  g i v e n  by random v a r i a b l e  I,., s o  t h e  random  t ime  e r ror   in  
t h e   l e a d i n g   e d g e   t h r e s h o l d   c r o s s i n g  time is  g i v e n  by 

T h e n ,   t h e   v a r i a n c e   o f   t h e   l e a d i n g   e d g e   c r o s s i . n g  time is  g i v e n  by 

2 7 
CJ (t,) = t = - 1 k> I1 (49 1 

S i m i l a r l y ,   a t   t h e   t r a i l i n g   e d g e   t h r e s h o l d   c r o s s i n g   t h e   n o i s e   a m p l i t u d e  is 
g i v e n  by random v a r i a b l e  I s o  t l-e random time e r r o r   i n   t h e   t r a i l i n g  edge 
t h r e s h o l d   c r o s s i n g  i s  g i v e n  by 2’  
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F i g u r e  28: Star pulse   th reshold  crossings.  



I, 

The  var iance  of 

CJ (t,) = 
2 

t h e   t r a i l i n g   e d g e   c r o s s i n g  t i m e  is t hen   g iven  by 

- 
2 

t2 

Also ,   t he   cova r i ance  

- 
- 122 
" 

k22 

of t h e   t h r e s h o l d   c r o s s i n g  times is g i v e n  by 

t l  t2 = - - 1 -  

kl k2 I1 I 2  

S u b s t i t u t i n g   i n t o   e q u a t i o n  ( 4 8 ) ,  t h e   t r a n s i t  time va r i ance  becomes 

- - 

From t h e   d e f i n i t i o n  o f   t h e   c o r r e l a t i o n   c o e f f i c i e n t   f o r  random noise   ampl i tudes  
I and I 1 2'  

s o  

- 
112 

- 
2 

2 I 2  
(5 (t,) = - 

4k12 4k22  p12  2kl  k2 
+ "  (53) 

I f   t h e   s t a t i s t i c s  of t h e   n o i s e   a m p l i t u d e s   a t  time T a r e   t h e  same a s   t h e  
n o i s e   a m p l i t u d e s   a t  T then  b 

.a ' 
- - - 
112 = 1; = I and equa t ion  (53) becomes 2 
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2 + - 1 - -) 5 2  

2k22 kl k2 
(54) 

In a d d i t i o n ,   i f   t h e   s t a r   p u l s e  is s y m m e t r i c a l ,   t h e n   t h e   m a g n i t u d e   o f   t h e  
s l o p e   f o r   t h e   n o i s e - f r e e   s i g n a l   a t   t h e   t r a i l i n g   e d g e   e q u a l s   t h e   s l o p e  a t  t h e  
l ead ing   edge .   Thus ,  k = k = k and  equat ion  (54)   becomes 1 2  

2 (t,) = - I2 
2 k2 

(1 - PI21 ( 5 5 )  

T h i s   r e s u l t  i s  g i v e n   w i t h o u t   p r o o f  by  Mityashev i n   r e f e r e n c e  14.  

F o r   t h e   a b o v e   a n a l y s i s ,   t h e   s l o p e  of t h e   n o i s e - f r e e   p u l s e  i s  assumed  con- 
s t a n t  i n  t h e   n e i g h b o r h o o d   o f   t h e   t h r e s h o l d   c r o s s i n g s ,   w h e r e a s ,   t h e   s l o p e   o f   t h e  
n o i s y   p u l s e  i s  n o t   n e c e s s a r i l y   c o n s t a n t   i n   t h o s e   r e g i o n s .   T h e   f o r m e r   a s s u m p -  
t i o n  i s  v a l i d   s i n c e   t h e   n o i s e - f r e e   f i l t e r   i n p u t   s i g n a l  i s  a wel l  b e h a v e d   d e t e r -  
m i n i s t i c   f u n c t i o n  of time. A l t h o u g h   t h e   s l o p e  of t h e   n o i s y   p u l s e  may be   chang-  
i n g   i n   t h e   r e g i c n  of t h e   t h r e s h o l d   c r o s s i n g s .  i t  i s  assumed t h a t   t h e   n o i s y  
s i g n a l  i s  monotone   increas ing   in   the   ne ighborhood  of   the   l ead ing   edge   th resh-  
o l d   c r o s s i n g   a n d   m o n o t o n e   d e c r e a s i n g   i n   t h e   a e i g h b o r h o o d   o f   t h e   t r a i l i n g   e d g e  
t h r e s h o l d   c r o s s i n g .   T h i s   r e s t r i c t i o n  i s  r e a l i z e d   f o r   s i g n a l s   h a v i n g   r e l a t i v e 1 . y  
h i g h   p e a k   s i g n a l - t o - R K S   n o i s e   r a t i o s .   P e a k   s i g n a l - t o - R M S   n o i s e   r a t i o s   o f   f i v e  
t o  o n e   o r   g r e a t e r   a r e   n e c e s s a r y   i n   o r d e r   t o  se t  a t h r e s h o l d   w h i c h   y i e l d s   a n  
a c c e p t a b l e   f a l s e   a l a r m   r a t e   a n d  a h i g h   d e t e c t i o n   p r o b a b i l i t y   g i v e n   t h a t   t h e  
s t a r   s i g n a l  i s  p r e s e n t   ( P d l s  _> . 9 ) .  T h i s   a l s o   i n s u r e s   t h a t   t h e   c o n s t a n t   s l o p e  
a s sumpt ion  of t h e   n o i s e - f r e e   s i g n a l  is v a l i d   f o r   a l l   n o i s e  amplitudes e x c e p t   f o r  
t h e   v e r y   i n f r e q u e n t   l a r g e   a m p l i t u d e s .  

E q u a t i o n   ( 5 5 )   t e n d s   t o  become  more  and  more i n v a l i d   a s   t h e   t h r e s h o l d  
s e t t i n g   c l o s e l y   a p p r o a c h e s   t h e   p e a k  of t h e   s t a r   p u l s e .   R i g h t   a t   t h e   p u l s e  peak, 
equa t ion   (55 )   becomes   i nde te rminan t   s ince  p = 1 and k = 0. 

12  

A t y p i c a l   ( n o i s e - f r e e )   s t a r   s i g n a l   f r o m   t h e   o u t p u t  of t h e   f i l t e r   u s e d   f o r  
t h e  ce l e s t i a l  s e n s o r   a n a l y s i s  i s  p l o t t e d   i n   f i g u r e  23. I n   o r d e r   t o   e v a l u a t e  
e q u a t i o n   ( 5 5 )   f o r   t h e   o u t p u t  of f i l t e r  P I ,  d e t e r m i n a t i o n   o f   t h e   c o r r e l a t i o n  
c o e f f i c i e n t ,  2 of t h e   n o i s e   f o r   t h e   i n t e r v a l   b e t w e e n   t h e   l e a d i n g   a n d   t r a i l -  
i n g   e d g e   t h r e s i o l d   c r o s s i n g s  i s  r e q u i r e d .   T h i s   c a n   b e   d o n e  by a p p l y i n g  
Campbe l l ' s   t heo rem  ( r e fe rence  1 5 ) .  So 

2 '  

J, h2 (t) d t  

For  a t h r e s h o l d  s e t  a t  GO% o€ t he   peak  of y1 ( t ) ,  = 15.5 x 10 s e c o n d s .  
- 3  
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E v a l u a t i n g   e q u a t i o n   ( 5 6 )   b y   n u m e r i c a l   i n t e g r a t i o n   f o r   t h e   f o u r - p o l e   l i n e a r  
p h a s e   t r a n s f e r   f u n c t i o n  of f i l t e r  F 1' 

p12 = 0 ,079 .  

The   s lope   o f   t he   ou tpu t   f rom F1 is g i v e n  by 

N u m e r i c a l   i n t e g r a t i o n  of e q u a t i o n   ( 5 7 )   g i v e s   a t  60% of t h e   p e a k  

- [yl( t ) ]  = 61.5 = k d 
d t  (58)  

S i n c e   t h e   s l o p e  of t h e   o u t p u t   s i g n a l  y (t) is  p r o p o r t i o n a l   t o   t h e   p e a k   v a l u e  of 
t h e   s i g n a  1, 1 

k I 
k 0.76 
P = " E L -  

s o  

k = -  61,5 I = 8 1 I  
P 0.76 p P 

and 

so  

0.836 x 
5%) = (s/N> 

where 

T h e   c a l c u l a t - e d   s i g n a l - t o - n o i s e   r a t i o   a t  t h e  ouhilut: of f i l t e r  F f o r  a 0.5 
i n c h   a p e r t u r e   a n d  a 2nd m a g n i t u d e   s t a r  when t h e   s c a n   p e r i o d  i s  60 seconds  
(page 7 8 )  is 

1 
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s = 21.1. 
/N 

so, 

o(ts) = 3.96 x seconds .  

S i n c e  T = 10.55 x s e c o n d s   f o r  a 3 . 8  a r c   m i n u t e  s l i t  wid th   and  a 60   second 
s c a n   p e r i o d ,  S 

Ts 10.55 x = 26,5.  

W s >  3.96 x 10-4 

” - - =  

Angle   Encoder   Resolu t ion  

A s t a r   t r a n s i t  i s  e q u a l l y   l i k e l y   t o   o c c u r   a t   a n y   a n g u l a r   p o s i t i o n ,  x, 
be tween   ang le   encode r   marke r   pu l se s .  I f  t h e   a n g u l a r   s p a c i n g   b e t w e e n   a d j a c e n t  
a n g l e   e n c o d e r   m a r k e r   p u l s e s  is L,  t h e n   t h e  p r o b a b i l i t y   d e n s i t y   f o r  a s t a r   t r a n s -  
i t  o c c u r r i n g   w i t h i n   t h e   a n g u l a r   i n t e r v a l  

- h < x Z + -  L 
2 -  2 

i s  g i v e n  by 

The  mean s q u a r e   v a l u e  of t h e  random v a r i a b l e  x w i t h   z e r o  mean is  

1 L2 = ”  
3 4  
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But from e q u a t i o n  (40) t h e  RMS v a l u e  of t h e   a n g l e   e n c o d e r   q u a n t i z a t i o n  error is 
r e q u i r e d   t o   b e  

A = 22.7 arc  seconds  

for a well b a l a n c e d   d i s t r i b u t i o n  of a l l o w a b l e   e r r o r s .  So 

L (22.7) 

= 82.9 a rc .   seconds  

= 1.38 arc  minu tes  

= 360 d e g r e e s  x 2 N - 14 

C o n s e q u e n t l y ,   f o u r t e e n   b i t s  of a n g l e   e n c o d e r   r e s o l u t i o n  are s u f f i c i e n t .  

Approx ima te   Es t ima te   o f   Geomet r i c   E r ro r s   fo r  Moon D e t e c t i o n s  

T h e   c e n t e r   o f   t h e   s c a n n e d   f i e l d  of  view i s  d i r e c t l y   o p p o s i t e   t h e   s u n .  
T h e r e f o r e ,   t h e   t e r m i n a t o r   o f   t h e  moon of  Mars w i l l  a lways   be   symmet r i ca l   w i th  
r e s p e c t   t o  a l i n e  d r a w n   f r o m   t h e   a n t i - s o l a r   p o i n t   t o   t h e   c e n t e r   o f   t h e  moon a s  
i n   f i g u r e  29 .  

I f   t h e   d e t e c t i o n  scheme u t i l i z e s   t h e   a v e r a g e  of t h e   l e a d i n g   a n d   t r a i l i n g  
e d g e   t h r e s h o l d   c r o s s i n g s ,   t h e n   t h e r e  i s  n o   g e o m e t r i c   e r r o r   f o r   t h e   c e n t e r   s i n c e  
t h e   s i g n a l  i s  s y m m e t r i c a l ;   b u t   a s y m m e t r i c   p u l s e s   a r e   e x p e c t e d   f r o m   t h e   t w o   s i d e  
s l i t s .  T h e r e f o r e ,  a t r a n s i t  t i m e  e r r o r   d u e   t o   p u r e l y   g e o m e t r i c   c a u s e s  w i l l  
r e s u l t .  A r o u g h   a p p r o x i m a t i o n   o f   t h i s   e r r o r  w i l l  b e   d e r i v e d   i n   t h e   f o l l o w i n g  
d i s c u s s i o n .  

F i g u r e  30 shows  an   ou t l ine  of the  image  of   the moon a s   s e e n   i n   t h e   f o c a l  
p l a n e  of t h e   s e n s o r   o p t i c s .  The moon i s  i l l u m i n a t e d  by t h e   s u n   a t  some a r b i -  
t r a r y   p h a s e   a n g l e ,  3 ,  between  the   sensor -moon  vec tor   and   the   moon-sun   vec tor .  
The t o p   h a l f  of t h e  moon imago o u t l i n e  i s  a c i r c l e ,   w h e r e a s ,   t h e   b o t t o m   h a l f  
of t h e  moon image o u t l i n e  i s  a n   e l l i p s e   b e c a u s e  of t h e   p h a s e   a n g l e .  Now, a 
s l i t  t i l t e d   a t   a n   a n g l e  9 w i t h   r e s p e c t   t o  the v e r t i c a l   w h i c h  moves h o r i z o n t a l l y  
t o   t h e   l e f t   i n   t h e   f i g u r e  w i l l  i n t e r s e c t  a c i rc le  on   t he   l ead ing   edge   o f   t he  
moon image  and w i l l  i n t e r c e p t   a n   e l l i p s e  on t h e   t r a i l i n g   e d g e  of t h e  moon 
i m a g e .   I n   b e t w e e n   t h e s e   t w o   e x t r e m e s ,   t h e   r a d i a n t  power p a s s i n g   t h r o u g h   t h e  
s l i t  w i l l  b e   p r o p o r t i o n a l   t o   t h e   l e n g t h   o f   t h e  s l i t  i n t e r c e p t e d  by the  image 
i f   t h e   i l l u m i n a t i o n   w i t h i n   t h e  image i s  uniform.   The s l i t  o u t p u t   v e r s u s  s l i t  
p o s i t i o n  i s  q u a l i t a t i v e l y   p l o t t e d   i n   f i g u r e  30. P a s s i n g  a t h r e s h o l d   t h r o u g h  
t h e  s l i t  o u t p u t   c h a r a c t e r i s t i c   a n d   a v e r a g i n g   t h e   t h r e s h o l d   c r o s s i n g  permit  
q u a l i t a t i v e   d e t e r m i n a t i o n  of t h e   g e o m e t r i c  moon d e t e c t i o n   e r r o r   v e r s u s   h o r i -  
z o n t a l  s l i t  p o s i t i o n   a s  shown i n   f i g u r e  30. T h e   d e t e c t i o n   e r r o r   c h a r a c t e r i s t i c  
shows t h a t   t h e   e r r o r  is s m a l l e s t  when t h e   t h r e s h o l d   s e t t i n g  i s  the   l owes t .   The  
t h r e s h o l d   c r o s s i a g   f o r  s n a l l  (cor,parcd t o  t h c   s i g n a l  peak) t h r e s h o l d   l e v e l s  may 
be   de te rmined   by   cons ider ing   the   geometry  i n  f i g u r e .  30. 
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SLIT  OUTPUT vs t '  
HORIZONTAL 

POSITION OF SL IT  / 
DETECTION ERROR V S  

HEIGHT OF THRESHOLD i 

\ 
\ 
\ 

\ 

1 x 2  
\ 

a 2  b 
Y 2  - + "2= I 

F i g u r e   3 0 :  S1i. t  scanning of moon image a s  
seen in f o c a l  p l a n e  of sensor. 
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If 

R t h e  moon r a d i u s  

D t h e   d i s t a n c e   f r o m   s p a c e c r a f t   t o  moon, 

t h e n   t h e   a n g l e   s u b t e n d e d   b y   t h e  moon r a d i u s  from t h e   s p a c e c r a f t  is 

d = -  R .  
D 

Now, i f  

r = r a d i u s   o f   t h e   s e m i - c i r c l e   d e f i n i n g   t h e   t o p   p a r t   o f   t h e  moon 
image i n   f i g u r e  30 

F = f o c a l   l e n g t h  of t h e   o p t i c s ,  

t h e n  

- 
F 
r &  d .  

T h e r e f o r e ,   t h e   d i s t a n c e  L i n   f i g u r e  30 is  3 

r - = cos  e 
L3 

or 

L3 - 
- ” r 

COS e b~ sec 0 .  

I n   o r d e r   t o   d e t e r m i n e  L2,  i t  i s  n e c e s s a r y   t o   d e t e r m i n e  t.he l e n g t h s   o f   t h e  
m a j o r   a n d   m i n o r   a x e s   o f   t h e   e l l i p s e .   I f  

a = t h e   e l l i p s e   m a j o r   a x i s   l e n g t h  

b = t h e   e l l i p s e   m i n o r   a x i s   l e n g t h  

t h e n  , 

a =  r. = b F. 

The   minor   ax is   l ength  i s  g i v e n  by 

b R c o s  E 
F D 
- =  

where R cos  $ i s  3 p r o j e c t i o n  of t h e  moon t e rminus   on to  a p l a n e   n o r m a l   t o   t h e  
sensor-moon  vector   and 
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R cos 
D 

is the   angle   subtended   f rom  the   sensor  by t h i s   p r o j e c t i o n .  

The   equa t ion   fo r   t he   e l l i p se  is 

2 2 
- + % = 1 .  X 

a 2 b  

The  s lope of t h e   t a n g e n t   t o   t h e   e l l i p s e   a t   p o i n t  (x , y  ) i s  given  by 1 1  

* = + -  b x1 
dx - 2 a [l -(2)2 1% 

But f rom  f igu re   30 ,   t h i s   s lope  must  equal 

= - c o t  e 
- 1  
t a n  6 a 

= -  

Equating  equations  (70)  and (71) y i e l d s  

XI = -I- - 

Subs t i t u t ing   equa t ion   (73 )   i n to   equa t ion  ( 6 9 )  g ives  

From f igu re   30  
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L1 - - x1 + y1 t a n  8. (75) 

But from equa t ions  (71), (73), and (74)  

X 1 

Y1 

So s i n c e  

2 

[a’ + b2 t a n 2  0-f 

- - a 

b 5 

2 
- - b t a n  8 

[a2 + b2 t a n  2 

b 
a 
- = cos Q, 

a2 + b 2  t a n 2  

[a2 + b2 t a n  8 ] 
L2 = ?% 

The a n g l e  e r r o r   f o r  low t h r e s h o l d s  is 

So,  combining  equations (68) and (80) gives  t h e  ang le  e r r o r  as 
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r 

The   phase   ang le  i can   r ange   f rom  35  to 55 and b < -  d e g r e e .  For $ = 35 , 0 0 1 0 

and  
- 2  

equat ion  (80)   becomes 

l ea l  = 18.6 a r c   s e c o n d s .  

0 0 lo 
F o r  Cp = 55 , 9 = 20 and 4 = x 

L 

l ea l  = 38.3 a r c   s e c o n d s .  

I n   g e n e r a l ,  a d i f f i c u l t y   e x i s t s   i n   t h i s   a p p r o x i m a t i o n   f o r   i f   t h e   d i s t a n c e  
t o  t h e  moon is n o t  known, t h e n   t h e   a n g l e   s u b t e n d e d ,  5, is no t  known.  However, 
a p r o c e d u r e  may b e   u s e d   w h i c h   i n i t i a l l y   n e g l e c t s   t h e   g e o m e t r i c   e r r o r s   i n  com- 
p u t i n g   t h e   a p p r o x i m a t e   o r b i t s .  These a p p r o x i m a t e   o r b i t s   a r e   t h e n   u s e d   t o  com- 
p u t e   t h e   d i s t a n c e   t o   t h e  moon f r o m   t h e   s p a c e c r a f t .   T h e n ,   t h e   g e o m e t r i c   c o r r e c -  
t i o n s  may b e   i n c l u d e d   t o   c a l c u l a t e  new o r b i t s   w h i c h   s h o u l d   y i e l d  a s u i t a b l y  
a c c u r a t e   s o l u t i o n .  

Re f ined   Ana ly t i ca l   Mode l   fo r   De te rmin ing  
Moon T r a n s i t   C o r r e c t i o n   F a c t o r s  

I n   o r d e r   t o  compute t h e   t r a j e c t o r i e s  of t h e  moons of Mars   f rom  data   pro-  
v i d e d  by a s c a n n i n g   c e l e s t i a l   s e n s o r ,  i t  i s  r e q u i r e d   t h a t   t r a n s i t   d a t a   b e   o b -  
t a i n e d   f o r   t h o s e  moons a s  t h e  scann ing  s l i t s  i n t e r c e p t  t h e  images of t h e  mocns 
formed by t h e   s e n s o r   o p t i c s .   T h e   a c c u r a c y  of t h e   t r a j e c t o r y   c o r n p u t a t i o n s  
depends   on   the   accuracy   of   the  s l i t  t r a n s i t   m e a s u r e m e n t s   p r o v i d e d  by t h e   s e n s o r .  
But s i n c e   t h e  s l i t  t r a n s i t   m e a s u r e m e n t s   a r e   d e t e r m i n e d  by t h r e s h o l d   d e t e c t i o n  
o f   t h e   s i g n a l   g e n e r a t e d   b y   t h e   p h o t o d e t e c t o r   a s   t h e  s l i t  scans   ove r   t he   image  
of t h e  moon, t h e   a c c u r a c y   o f   t h e   s i g n a l   i n   t u r n   d e p e n d s  upon t h e   p h a s e   a n g l e  
b e t w e e n   t h e   m o o n - s u n   v e c t o r   a n d   t h e   m o o n - s p a c e c r a f t   v e c t o r ,   t h e   r e l a t i v e   d i m e n -  
s i o n s  of t h e  moon d i a m e t e r ,   d i s t a n c e  of t h e   s p a c e c r a f t   f r o m   t h e  moon and t h e  
w i d t h  of t h e  s l i t  g a p .   T h e   s i g n a l   s h a p e   a l s o   d e p e n d s   u p o n   t h e   s e n s o r   o r i e n t a -  
t i o n  on t h e   s p a c e c r a f t   a n d   t h e  s l i t  o r i e n t a t i o n   i n   t h e   s e n s o r .   B e c a u s e  t h e  
p r imary   func t ion   o f   t he  c e l e s t i a l  s e n s o r   i n s t r u m e n t a t i o n  is t o a c c u r a t e l y   l o c a t e  
t h e  moons  of  Mars, i t  i s  w o r t h v h i . l e   t o   c a l c u l a t e   t h e   s i g n a l   g e n c r a t e a  by t h e  
r a d i a n t  power p a s s i n g   t h r o u g h  a s l i t  s c a n n i n g  a moon body  f rom  which  es t imates  
c a n   b e  made i n   t h e   u n c e r t a i n t i e s   o f   t h e  moon t r a n s i t   d a t a .   A l s o ,  i t  shou ld   be  
p o s s i b l e   t o   d e t e r m i n e   c o r r e c t i o n   f a c t o r s   w h i c h   c a n   b e   a p p l i e d   t o   t h e  moon 
t r a n s i t   d a t a .   B e c a u s e  of t h e   c o m p l e x i t y  of t h e   p r o b l e m ,   t h e   s o l u t i o n  w i l l  have 
t o   b e   o b t a i n e d   n u m e r i c a l l y .   O n l y   t h e  metllod  of computa t ion  i s  o u t l i n e d .  
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The method   o f   so lu t ion  w i l l  b e   a n   e x t e n s i o n  of t h e   a n a l y s i s   d e s c r i b e d   i n  
r e f e r e n c e  16.  The  problem w i l l  be   fo rmula t ed  by p r o j e c t i n g   t h e  s l i t  gap   on   t he  
s u r f a c e  of t h e  moon and  then summing ( n u m e r i c a l l y   i n t e g r a t i n g )   t h e   r a d i a n t  power 
r e f l e c t e d   f r o m   e a c h   e l e m e n t a l   a r e a  of t h e   m o o n ' s   s u r f a c e   w h i c h  i s  n o t   b l o c k e d  by 
t h e   p r o j e c t e d  s l i t  m a s k .   T h e   g e o m e t r y   i l l u s t r a t i n g   t h e   v e c t o r   r e l a t i o n s h i p s   b e -  
t w e e n   s u n ,   s p a c e c r a f t ,   a n d   e l e m e n t a l   a r e a   w i t h i n   t h e  s l i t  t h a t  i s  p r o j e c t e d  on 
t h e  moon s u r f a c e  i s  i l l u s t r a t e d   i n   f i g u r e  31. T h e   p r o j e c t i o n  of t h e  s l i t  on 
t h e   s u r f a c e  of t h e  moon can   be   de t e rmined  by t h e   i n t e r s e c t i o n  of t h e  moon s u r -  
f a c e   w i t h  a p l a n e   c o n t a i n i n g   t h e  s l i t  and a p o i n t   w h i c h   r e p r e s e n t s   t h e   o p t i c a l  
s y s t e m   c e n t e r .   I n   f i g u r e 3 1 ,  i t  i s  assumed t h a t   a x i s  k, is  normal t o   t h e   p l a n e  
con ta in ing - the  s l i t .  The u n i t   v e c t o r   f r o m   t h e  moon c e n t e r   t o   t h e  s u n  is r e p r e -  
s e n t e d  by S and- the   vec to r   f rom  the  moon c e n t e r  t o  t h e   s p a c e c r a f t   p o s i t i o n  i s  
r e p r e s e n t e d  by C. T h e   r a d i u s   v e c t o r   f r o m   t h e  moon c e n t e r   t o   t h e   e l e m e n t a l   a r e a  
o n   t h e  moon s u r f a c e  i s  r e p r e s e n t e d  by R. I f  L i s  t h e   s o l a r   c o n s t a n t   a t   t h e  mean 
s o l a r   d i s t a n c e   o f   t h e  moon, t h e n   t h e   r a d i a n t  power i n c i d e n t   o n  a u n i t   e l e m e n t a l  
a r e a  of t he   moon ' s  s u r f  a c e  i s  g i v e n  by 

N o t e   t h a t   t h e   i n c i d e n t  r ad ian t  power is z e r o   i f  E * 2 5 0. 

T h e   e l e m e n t a l   a r e a  shown  on t h e   s u r f a c e   o f   t h e  moon i n   f i g u r e  
by 

dA = ds  * d s  1 2 

where 

d s  = R COS vdd 1 
ds2 = R d v  

R = 1 x 1 .  
The   e l emen ta l   ang le ,   dv ,  i s  de te rmined  by t h e   a n g l e   s u b t e n d e d  

viewed i n  t h e   p l a n e  of 

31 is g i v e n  

(82 1 

by   t he  s l i t  
v e c t o r s  R g a p ,  ST. F i g u r e  32  shows the  geometry  when 

and ewhen d = cy. T h e   d i s t a n c e   a t   t h e   s u r f a c e  of t h e   n o o n   s u b t e n d e d  by the   angu-  
l a r  s l i t  w i d t h  i s  g iven   by  

_ _  

The   vec to r  E i s  t h e   v e c t o r   f r o m   t h e   s p a c e c r a f t   t o   t h e   e l e m e n t a l   a r e a  on t h e  
moon su r face   and   g iven   by  3 = - c. ( 8 4 )  

The d i s t a n c e  w when p r o j e c t e d   n o r m a l   t o  i s  g iven   by  

) ( =  - w 
cos  E; 
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' 0  

F i g u r e  31: S u n   a n d   s p a c e c r a f t   v e c t o r s   i n   c o o r d i n a t e  s y s t e m  of m o n .  

X W 

CENTER 

MOON CENTER 

Figure   32 :   Angles   subtended   by   e lementa l   angles  on moon's s u r f a c e .  
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where 

FI  
” 

R * G  

The moon a lbedo i s  d e f i n e d   a s  

a = t o t a l   r e f l e c t e d   e n e r g y  
t o t a l   i n c i d e n t   e n e r g y  

which is assumed t o   b e   w a v e l e n g t h   i n v a r i a n t .  

The r a d i a n t  power r e f l e c t e d   p e r   s t e r a d i a n   i n   t h e   d i r e c t i o n   s p e c i f i e d  by 
angle 0 i s  g iven  by reference  17  (p.   185)  where 

P r e f l e c t e d   w a t t s .  
TI s t e r a d i a n  

J, = - cos e 

where 

P = t o t a l  power r a d i a t e d   i n t o   t h e   h e m i s p h e r e  

0 = angle   measured  f rom  normal   to   surface  area.  

T h e r e f o r e ,   t h e   r a d i a n t  power r e f l e c t e d   i n   t h e   d i r e c t i o n  of t h e   s p a c e c r a f t  i s  
g iven  by 

- 
R 3 i n c i d e n t   w a t t s  . dA (cm) 2 . a . cos  0 ( s t e r a d i a n )  -1 L ”  2 TT I RI (cm)  

S ince   an   a rea  , A,, l o c a t e d   a t   t h e   s p a c e c r a f t - ,   w h i c h  is  a d i s t a n c e  [GI f rom  the 
e l emen ta l   a r ea  on t h e  moon s u r f a c e ,   i n t e r c e p t s  

- 

*C 

;2- I GI 
s t e r a d i a n s ,   t h e   r a d i a n t  power r e f l e c t e d  from the   e l emen ta l   a r ea   on  t h e  moon’s 
su r face   wh ich   i l l umina te s   an   a r ea  A a t  t h e   s p a c e c r a f t  i s  g iven  by 

C 
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dH = - ’ S; cos vdb w a t t s  . 
T h e   t o t a l   r a d i a n t  power r e f l e c t e d  by t h e  moon t h r o u g h   t h e   s e n s o r  s l i t  i s  g i v e n  

by 

I n  g e n e r a l ,   t h e   a n g l e   s u b t e n d e d  by t h e  s l i t  g a p   f o r   s c a n n i n g   s t a r   s e n s o r s  
w i l l  a l w a y s   b e   s m a l l ,  i.e., 

s; - < 1 d e g r e e .  

So, t h e   s m a l l   a n g l e   a p p r o x i m a t i o n   f o r  w i n   e q u a t i o n  (83) i s  v a l i d .  However, 
when  becomes s u f f i c i e n t l y   l a r g e r   t h a n  1x1 , d v   i n   e q u a t i o n  (86) msy become 
s u f f i c i e n t l y   l a r g e  s o  t h e   e r r o r   d u e   t o  sma 1 a n g l e   a p p r o x i m a t i o n  i s  n o t   n e g l i g i -  
b l e .   F i g u r e  33 i l l u s t r a t e s  a t e c h n i q u e   f o r   p r o v i d i n g  a b e t t e r   a p p r o x i m a t i o n   f o r  
e q u a t i o n  (91).  The d i s t a n c e  w i s  s u b d i v i d e d   i n t o   a n   i n t e g r a l  number  of i n c r e -  
ments  Aw, s u c h   t h a t   t h e   c o r r e s p o n d i n g   i n c r e m e n t s  A V  a r e   s u f f i c i e n t l y   s m a l l   t o  
y i e l d  a good  smal l   angle  appro2ima:ion.  The r a d i u s   v e c t o r  a is  a t  a nominal 
a n g l e ,  V ,  w i t h   r e s p e c t   t o   t h e  i - j p l a n e ,  so  

AX 1 
= L  

cos 0 ’ 

b u t  

N o w ,  l e t  

V = V + A V  1 1 

and let x b e   t h e   r a d i u s   v e c t o r   a t   t h e  new p o s i t i o n   d e t e r m i n e d  by v 1 1‘ 

AXx3 cos 0 1 

(94  1 

Then 

( 9 5 )  
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I 

F igu re  33: Improved approximation f o r  la rge   angles  of d ~ .  
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AX3 
AV3 = - R 

v3 = v i- A V  
1 3 

etc. 

S i m i l a r l y ,  i n   t h e   n e g a t i v e  v d i r e c t i o n  

" 
Aw 

AX4 - c o s  0 2 

AX4 
AV = - 

4 R 

I n c o r p o r a t i n g   e q u a t i o n s  (92) t h r o u g h  (1041, e tc . ,  i n t o   e q u a t i o n  (90) 
y i e l d s  a double   summat ion   g iven  b y  

The R. used  i n   d e t e r m i n i n g  cos 9 may be  computed  from  and ~v 
- 
1 i i' 

S i n c e  
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b u t  

- 
Ri = 1x1 {? c o s  ( w  + A V . )  + s i n  (V 2 Avi) k] 

3 

- 1 (108) 
so  t h e  new v e c t o r  R i s  d e t e r m i n e d   b y   s u b s t i t u t i o n  of e q u a t i o n  (107) i n t o  
e q u a t i o n  (108) . 

- 
i 

F o r   e v a l u a t i o n  oi e q u a t i o n s  (91) o r  (105) , i t  will bz  assumed t h e   p h a s e  
a n g l e   b e t w e e n   t h e  sun v e c t o r   a n d   t h e   m o o n - s p a c e c r a f t   v e c t o r  i s  known o r   h a s  
b e e n   p r e v i o u s l y   d e t e r m i n e d .  Also  assumed known i s  t h e   d i s t a n c e   f r o m   t h e  moon- 
c e n t e r   t o   t h e   s p a c e c r a f t ,   t h e   o p t i c a l   s y s t e m   f i e l d   o f   v i e w ,   t h e   o p t i c a l   s y s t e m  
f o c a l   l e n g t h ,   t h e   c a n t   a n g l e  of t h e   o p t i c a l   a x i s   w i t h   r e s p e c t   t o   t h e   s p i n   a x i s ,  
t h e   p o i n t i n g   d i r e c t i o n  of t h e   s p i n   a x i s   a n d   t h e   o r i e n t a t i o n  of t h e  s l i t  g a p   i n  
t h e   f o c a l   p l a n e .   S i n c e   e q u a t i o n s  (91) and (105) were d e r i v e d   w i t h   t h e  k, a x i s  
normal t o  t h e   p l a n e   c o n t a i n i n g   t h e  s l i t ,  i t  w i l l  b e   n e c e s s a r y   t o   o r i e n t   t h e  sun, 
s p a c e c r a f t   a n d   o p t i c a l   a x i s  s o  a l l   t h e  known p a r a m e t e r   c o n d i t i o n s   a r e   s a t i s f i e d  
when t h e  k, a x i s  i s  n o r n a l   t o   t h e   p l a n e   c o n t a i n i n g   t h e  s l i t .  The   p rope r   o r i en -  
t a t i o n   c a n   b e   d e r i v e d  by a s u i t a b l e  series of c o o r d i n a t e   t r a n s f o r m a t i o n s .  

F i g u r e  34 shows t h e   s u n   v e c t o r  coinc+i.den; w i t h   t h e   n e g a t i v e  j1 a x i s  and 
* 

t h e   m o o n - s p a c e c r a f t   v e c t o r   l y i n g   i n   t h e  il - j 1  p l a n e   a t  a p h a s e   a n g l e  @ w i t h  
r e s p e c t   t o   t h e  s u n  v e c t o r .  I f  t h e   d i s t a n c e   b e t w e e n   t h e   x o o n - c e n t e r   a n d   t h e  
S p a c e c r a f t  i s  D ,  t h e   m o o n - s p a c e c r a f t   v e c t o r  i s  

- -+ c = ( s i n  i - c o s  Q j,) D. 

F i g u r e  34 shows t h e   s p a c e c r a f t   c o o r d i n a t e   a x e s ,  (7, - 3 2  - k z ) ,   a t   t h e   t i p  

-+ 

1 (109) 

* -+ 

of t h e   n o m - s p a c e c r a f t   v e c t o r  E .  -The space_c , r a f t   coo rd ina te   sys t em is  assumed t o  
h a v e   t h e  same o r i e n t a t i o n   a s   t h e  i - J~ - k sys t em,   hence  1 1. 

? 

T h e   v e h i c l e   s p i n   a x i s  i s  c h o s e n   c o i n c i d e n t   w i t h   t h e   j 2   v e c t o r ,   w h i c h  i s  
-+ 

e q u i v a l e n t   t o   t h e   n e g a t i v e  sun v e c t o r .  

A tllirtl courdinate .   systcrr!  i s  dcxined by  a r o t a t i o n  a b o u t  t h e  j, a x i s  
-+ 

( v e h i c l e  s p i n  a x i s ) .  I ~ e n c c ,  fc r  a clockwise r o t a t i o n   a b o u t   t h e  3'2 a x i s ,   t h e  
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I 

A 

S 

VEHICLE SPIN A X I S  

F i g u r e  3 4 :  P h a s e   a n g l e   b e t w e e n   s u n  v e c t o r  and mDon s p a c e c r a f t  
v e c t o r .  
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? 2  
l3 - J~ - k c o o r d i n a t e   s y s t e m   o r i e n t a t i o n  becomes 

-t 

3 

Figure  35 shows t h e   o p t i c a l   a z i s   l y i n g  i n  t h e  i? - j 3  p l a n e   c a n t e d   a t   a n  

3 

4 "+ 

a n g l z  r wi+th r e s p e c t   t o   s p i n   a x i s  j, < T 2 ) .  Now, le t - i?  r e p r e s e n t  a vector   f rom 
t h e  i - j, o r i g i n   t o   t h e   o p t i c a l  system f o c a l   p l a n e ,  

- 
F = F (- s i n  r Z - cos r j,) + 

3 

where 

F = f o c a l   l e n g t h  of t h e   o p t i c a l   s y s t e m .  

N e x t ,   l e t   t h e   v e c t o r  2 l i e  i n   t h e  7 p lane   and   i n t e r sec t   w i th   t he   foca l  
p lane   such   tha t   the   vec tor   ex tends   f rom  ?he   edge   of   the   f ie ld   o f   v iew  to   the  
c e n t e r  of t h e   f o c a l   p l a n e .  

d = d (cos r 7 - s i n  r 7,) = dl T3 -I- d2 3, 3 (113) 

where 

d = P t a n  (7). /F OV 

The vec to r  2 i s  co inc iden t   w i th   t he  s l i t  which is  r a d i a l   t o   t h e   s p i n   a x i s .  

I n   o r d e r   t o   s p e c i f y   t h e   d i r e c t i o n  of t h e  s l i t s  w h i c h   a r e   n o n - r a d i a l   t o   t h e  
vehic1.e s p i n  a x i s ,  i t  i s  necessa ry   t o   gene ra t e   ano the r  set of coord ina te   axes ,  
l4  - J~ - k 4 .  Fron  f igure   35 ,  le t  f * 

- - 2 F [- s i n  r - t a n  (y) cos  r] + j3 F [- cos  r + t a n  
3. (y) s i n  r] 

- - m + m y  4 

1 3   2 3 '  

N o w ,  de f ine   t he   c ros s   p roduc t  of v e c t o r s  E and 2 as  
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VEHICLE 
SPIN AXIS  

‘ 3  

F i g u r e  35: O r i e n t a t i o n  of o p t i c a l   S y s t e m  -3- 

i n  s p a c e c r a f t  vs 
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"I 

and let  

- + - t  

F i g u r e  36 shows t h e  i4- j, p l a n e  o r  f o c a l   p l a n e  of t h e   s e n s o r   o p t i c s .  
Now, l e t  t h e   u n i t   v e c t o r  9 c o i n c i d e   w i t h   t h e  s l i t  b e i n g   c o n s i d e r e d  

S 

7 
S 

The sl i t  which i s  r a d i a l   t o   t h e   v e h i c l e   s p i n   a x i s  i s  d e s i g n a t e d  by 7 = 0 and 
t h e   n o n - r a d i a l  s l i t s  a r e   d e s i g n a t e d  by '1 # 0. 

The p l a n e   c o n t a i n i n g   t h e  s l i t  i s  d e f i n e d  by t h e   v e c t o r s  7 and E., S O  t h e  
s l i t  s t a r t s   t o   i n t e r s e c t   t h e  image of t h e  moon i n   t h e   o p t i c a l  zystern f o c a l  
p l a n e  when t h e   p l a n e   c o n t a i n i n g   t h e  s l i t  i s  t a n g e n t   t o   t h e  moon.  The p l a n e  
c o n t a i n i n g   t h e  s l i t  i s  c z m p l e t e l y   d e f i n e d  by t h e   n o r m a l ,   n ,   t o   t h a t   p l a n e   g i v e n  
by t h e   c r o s s   p r o d u c t  of V and M. 

-, 

S 

where 
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3 
I =3 '3 

s i n  TI 

T h e   p l a n e   c o n t a i n i n g   t h e  s l i t  i s  t a n g e n t  t o  t h e  moon when t h e   v e c t o r   n o r m a l  
t o  t h e   p l a n e   c o n t a i n i n g   t h e  s l i t ,  ii, is  c o i n c i d e n t   w i t h   t h e  moon r a d i u s   v e c t o r ,  
R,  and t h e   r a d i u s   v e c t o r  i s  d i r e c t e d   a t   t h e   p o i n t  of tangency .   The   vec tor  R i s  
shown i n   f i g u r e  34 and i s  gi.ven by 

- 

I - 
R = R (cos 6 c o s  d cos 6 s i n  6 i s i n  6 )  

I 

V e c t o r s  x a n d   a r e   c o i n c i d e n t  when 

R 
R 

- =  
+ + n .  - 

T h e r e   a r e   t h r e e  unknowns in   equa t ion   (121) ,   name ly ,  6, h ,  3) ,  s o  a t   l e a s t  two 
a d d i t i o n a l   e q u a t i o n s   a r e   r e q u i r e d   b e f o r e   t h e   p o i n t  of tangency i s  known, S i n c e  
t h e   v e c t o r  R l i e s  i n   t h e  plane c o n t a i n i n g   t h e  s l i t ,  If i s  o r t h o g o n a l   t o  R when 
t h e   t a n g e n c y   c o n d i t i o n   e x i s t s ,  S O  

" 

M O R  = 0 (122) 

A l s o ,   s i n c e  7 l ies  , i n   t h e   p l a n e   c o n t a i n i n g   t h e  s l i t  
S 

4 

V s * R  = 0 
- 

(123) 

An a d d i t i o n a l   r e l a t i o n s h i p  i s  a v a i l a b l e   b e c a u s e   v e c t o r  G l i es  i n   t h e   p l a n e   c o n -  
t a i n i n g  t h e  s l i t ,  s o  

- 

Two s o l u t i o n s   s h o u l d   r e s u l t   f o r  w because  of e q u a t i o n   ( 1 2 1 ) ,   o n e   s o l u t i o n ,  
w , s h o u l d   c o r r e s p o n d   t o   t h e  moon e n t e r i n g   t h e  s l i t  and t h e   s e c o n d   s o l u t i o n ,  w 2 ,  
s h o u l d   c o r r e s p o n d   t o   t h e  moon l e a v i n g  t h e  s l i t .  F o r  w < w ,< w 2 ,  t h e  moon in- 
t e r s e c t s   t h e  s l i t .  1 -  
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I 

L e t  us  d e f i n e  an i n c r e m e n t a l   v a l u e  

w2 - Aw = r 

of ~0 s u c h   t h a t  

(125) 

d e   e n c u g h   d a t a   p o i n t s   f o r  a s u f f i c i e n t l y  where r i s  some i n t e g e r   w h i c h  w i l l  prov i 
a c c u r a t e   p l o t  of H v e r s u s  fa. As a i s  incremented  f rom t o  1 

w =  w1 3- 

t he  moon image w i l l  p a s s   i n t o   t h e  s l i t  g a p   a n d   t h e   p l a n e   c o n t a i n i n g   t h e  s l i t  
will s l i c e   t h e  volume of t h e  moon body.  However, t h e  normal-to t h e   p l a n e   c o n -  
t a i n i n g   t h e  s l i t  may n o t   n e c e s s a r i l y   b e   c o i n c i d e n t   w i t h   t h e  k a x i s   a s   r e q u i r e d  
by equat ions*(91)   o r  (105);  t h e r e z o r e ,  a c o o r d i n a t e   t r a g s f o r m a t i o n  is  r e q u i r e d .  
L e t   t h e  new k a x i s   d e s i g n a t e d  by k, b e   c o i n c i d e n t   w i t h   n .  

4 

k, = n .  
4 

Now, d e f i n e   t h e  new 2 a x i s   a s  
-+ 
io = n x kl 

“ I 4  

A f t e r   t h e   t r a n s f o r m a t i o n   t o  t h e  2, - To - ko c o o r d i n a t e   s y s t e m ,  i t  is  
n e c e s s a r y   t o   d e t e r m i n e   t h e  new v a l u e   f o r  v i n   e q u a t i o n s  (91) and  (105) .   Fig-  
u r e  3 7  shows the   geomet ry  when t h e  moon r a d i u s   v e c t o r  R l ies  i n  t h e  same p l a n e  

-t 

CONTAIN I NG 
VECTOR 

F i g u r e  37:  Geometry for d e t e r m i n a t i o n   o f  v. 
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as t h e   m o o n - s p a c e c r a f t   v e c t o r  F. S i n c e   t h e  G v e c t o r  must l i e  i n   t h e   p l a n e   c o n -  
t a i n i n g   t h e  s l i t  when t h e   e l e m e n t a l   a r e a   o n   t h z  moo3 s u r f a c e  is subtended  by 
t h e  s l i t  g a p ,   t h e n   t h e   d i s t a n c e  .e be tween   t he  io - j, p i a n e   a n d   t h e   p l a n e   c o n -  
t a i n i n g   t h e  s l i t  is 

but 

so 

v = s i n  -1 c 
IEI 

Now,  w i t h   a l l   v e c t o r s   d e f i n e d   i n   t h e  z0 - J, - ko c o o r d i n a t e   s y s t e m ,  numer- f - L  

i c a l   c o m p u t a t i o n  of H may be   pe r fo rmed   fo r  3 = w1 + &.I. 
For   t he   nex t   i nc remen t   o f  w w i t h  

w = wul + 2 A w  

a new t r a n s f o r m a t i o n   t o   t h e  i; - J, - k, coord ina te   sys t em a2 g i v e n   b y   e q u a t i o n s  
(127), (128),  and (12Y) m u s t   b e   d e t e r m i n e d   i n   o r d e r   t o   h a v e  k, axis   normal  t o  
t h e   p l a n e   c o n t a i n i n g   t h e  s l i t .  T h i s   t r a n s f o r m a t i o n   m u s t   b e   r e p e a t e d   a f t e r   e a c h  
i n c r e m e n t   i n  'J). Also,  f o r   e a c h   i n c r e m e n t ,  a new v a l u e  of V must  be  computed 
f rom  equa t ions  (130) through  (133) .  

-L * -+ 

The  image of t h e  moon c e n t e r   a t   t h e   o p t i c a l   s y s t e m   f o c a l   p l a n e  i s  c e n t e r e d  
i n   t h e  s l i t  gap when v = 0. T h i s  i s  t h e  moon p o s i t i o n   i n   t h e  s l i t  gap  which i s  
i d e a l l y   r e q u i r e d   f o r   c o m p u t i n g   t h e   t r a j e c t o r i e s   f o r   t h e  moons of  Mars. 

A f t e r   t h e   p l o t  of H v e r s u s  L~J h a s   b e e n   q b t a i n e d ,   t h i s   c h a r a c t e r i s t i c   s h o u l d  
b e   u s e d   a s   a n   i n p u t   t o   t h e   e l e c t r o n i c   f i l t e r   u s e d   i n   t h e   s e n s o r   i n   o r d e r   t o   g e t  
a t r u e   p i c t u r e  of t h e   s i g n a l s   o b t a i n e d  by  scanning a moon b o d y .   T h e r e f o r e ,   i f  
h ( t )  i s  t h e   f i l t e r   i m p u l s e   r e s p o n s e ,   t h e   f i l t e r   o u t p u t  i s  g i v e n  by 

where 

i s  d e t e r m i n e d   f r o n   t h e  II  v e r s u s  a d a t a   p o i n t s  and t h e   a n g u l a r   r o t a t i o n  ra te  of 
thc v e h i c l e  abou t  i t s  s p i n   a x i s .  
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A f t e r   y ( t )   h a s   b e e n   n u m e r i c a l l y   d e t e r m i n e d ,  it i s  p o s s i b l e   t o   a c c u r a t e l y  
e v a l u a t e   e r r o r s   i n   d e t e c t i n g   t h e   c o n d i t i o n   w h e r e  v = 0 b y   t h r e s h o l d   d e t e c t i o n  
of t h e  moon s i g n a l .   T h u s ,  i t  s h o u l d   b e   p o s s i b l e  t o  de te rmine   accu r , a t e   co r -  
r e c t i o n   f a c t o r s   f o r  moon d e t e c t i o n s   i f   t h e   s u n   p h a s e   a n g l e   a n d   d i s t a n c e   b e t w e e n  
moon a n d   s p a c e c r a f t  are known. 

Senso r   Br igh t   Source   Sh ie ld  

T h e   s e n s o r   s h i e l d  i s  i l l u s t r a t e d   i n   f i g u r e  38. T h i s   s h i e l d   d e s i g n   p r o -  
v i d e s   t h e   f o l l o w i n g   c h a r a c t e r i s t i c s :  

(1) No d i r e c t l y   i l l u m i n a t e d   e l e m e n t  i s  v i s i b l e   f r o m   t h e   a p e r t u r e   o f  
w i d t h  a t o   t h e   l e n s .  

(2) No s e c o n d a r i l y   i l l u m i n a t e d   s u r f a c e  i s  v i s i b l e   f r o m   t h e   a p e r -  
t u r e   t o   t h e   l e n s .  

(3) A t  l e a s t   t h r e e   b o u n c e s   o c c u r   p r i o r   t o   e n t e r i n g   t h e   l e n s   a p e r t u r e .  

T h e   d i m e n s i o n s   f o r   t h e   s h i e l d   a r e   d e t e r m i n e d   b a s e d  on t h e  minimum volume  which 
m a i n t a i n s   t h e   a b o v e   c h a r a c t e r i s t i c s .  The  volume f o r   t h e   s h i e l d  may be   de r ived  
f rom  the   geomet ry   shown   in   f i gu re  38. 

The  angle  y of t r i a n g l e  1-2-3 e q u a l s  

So f rom  the  Law of 

P 

s i n  - a) 
T h e r e f o r e ,  

e 
2 1ll = p cos - 

S i n e s   f o r   t r i a n g l e   1 - 2 - 3 ,  

From r i g h t  t r i a n g l e  2-6-3,  
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EXTREME RAY FOR 
LIGHT  TRAP  SHIELDING t/ OPTICAL  AXIS 

EXTREME RAY  FOR 
ABSOLUTE SHIELDING 

SPECULAR 
REFLECTOR 

. 

c 

h 

F i g u r e  38: B r i g h t  ob jec t  s h i e l d   g e o m e t r y   s h o w i n g   s h i e l d   C r o s s - s e c t i o n   a n d   p r i n c i p a l   a n g l e s .  
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e 
6 = p s i n  - 2 

e 
cos v s i n  - 2 

= a  

Using  the Law of Sines  f o r  t r i a n g l e  3 - 4 - 5 ,  

which may be written as 

s i n  (a - :)+ 2 cos cy s i n  
Z = a  s i n  (3 - a )  8' s i n  (. - T /  

From r i g h t  t r i a n g l e  3 - 7 - 5 ,  

h - hl = Z COS 

so 

a cos a [cos 0 s i n  (u + :) + cos - s i n  (9 - cy)] 9 
2 

h =  - 
/ n \  

- 

From r i g h t   t r i a n g l e  1-8-5, 

- + -  d a  
2 2  - = t a n  a. 

h (14 3)  
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T h e r e f o r e ,   t h e   s u n s h i e l d  may b e   e n c l o s e d   i n  a volume, V 

v = -  d2 h 

= E  
4 (2 h t a n  (Y - a)2 h 

Now, t h e   n o r m a l i z e d  volume f u n c t i o n   d e F i n e d  as 

may b e   p l o t t e d   a s  a f u n c t i o n  of a f o r   f i x e d  8 and e .  A t y p i c a l   c u r v e  i s  shown 
ir. f i g u r e  39 which  shows  the  normalized  v,olume i s  minimized   for  some 
w i t h i n   t h e   r a n g e  

The  normalized minimum volume was o b t a i n e d   f o r  0 = 20 and P, = 
The s h i e l d   d i m e n s i o n s   f o r  a c lear  o p t i c a l   a p e r t u r e   o f  a = 0 . 5   i n c h e s  
shown i n   f i g u r e  4 0 .  

0 

(Y 

40°. 
are 
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v 
a 
- 
3 

~ 

F i g u r e  39:  Normalized l i gh t  b f f l e  w l u m e  v?rs :~s  s h i e l d   a g l e ,  
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2.8 1 17 

1 1 
0.747'' 

t 

F i g u r e  4 0 :  S h i e l d   d i m e n s i o n s .  
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CONCLUDING REMARKS 

Perturbation of Spacecraft  Due to Moons 

A method of computing the  perturbations by use of a  linearization 
about  a single reference Kepler  orbit was first  developed. The resultant 
formula is given by equation (5). Here an integration of an explicit 
function is required. 

Numerical results are given  for  the following values of  the 
unperturbed  elements of the spacecraft's  orbit: 

i = 0 , 40° 0 

a = 20415.5 km 

e = 078199 

Tp= 0 hr 

0 5 u) 2 180' 

0 1. fi 5 360° 

Since  asymmetry exists, all values of  and n were studied. 

Results for  the case i = 40 are  summarized on page 24.  A physical 0 

rationale is then  given  for  these  results. It is expected that  these 
results  may  be  generalized  for all inclinations  other  than  those  near  or 
equal to  zero. 

For inclinations  at or near zero, a collision of the spacecraft 
and  Phobos is possible  under  certain  initial  conditions.  If  initial 
conditions  near  these  are chosen, long-track  perturbations result which 
are positive  or negative. A canceling  effect is  thus possible  and does 
occur if  the  positive  and negative yielding initial conditions occur 
relatively near each other. 

The results given can be generalized to other cases except  those  near 
resonance. That is, cases in which the ratio of the spacecraft's  period 
to  a  moon's period  is a rational fraction whose numerator and denominator 
are relatively small. For these cases, the perturbations  grow  large, and 
equation ( 5 )  may  not be  valid. 
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A v a i l a b i l i t y   o f   t h e  Moons 

The s t r o n g e s t   s i n g l e   f a c t o r   w h i c h   h i n d e r s   t h e   d e t e c t a b i l i t y   o f   t h e  
moons i s  t h e   s c a t t e r i n g   o f  Mars r e f l e c t e d   s u n l i g h t   i n t o   t h e   i n s t r u m e n t  
f ie ld   o f   v iew.   This   p roblem is  n o t   t o o   s e r i o u s   i n   c a s e   o f  Deimos,  but 
i s  more s e r i o u s   f o r  Phobos  because  of i t s  r e l a t i v e l y  low o r b i t a l  
a l t i t u d e .  

A clear p i c t u r e   o f   t h e   a v a i l a b i l i t y  of  Phobos as a func t ion   of  
spacec ra f t   o rb i t a l   pa rame te r s   does   no t   emerge .   In   fou r   pe rcen t   o f   t he  
cases   examined   e l even   spacec ra f t   o rb i t s   y i e lded  no  Phobos d e t e c t i o n s .  
I f ,  however, a l a r g e  number of s p a c e c r a f t   o r b i t s   a r e   a l l o w e d  & 80), 
a s u f f i c i e n t  number of   Phobos  detect ions w i l l  occur .  

Navigational  Problem 

The o r b i t s  of the   spacecraf t ,   moons ,   and   the   po ten t ia l   o f  Mars 
can  be  determined  by  observing  the  paral lax  of   the moons as viewed  from 
t h e   s p a c e c r a f t .   I f   t h e   d i r e c t i o n  i s  measured  vich  an  accuracy  of one 
minute of a r c ,   t h e n   a f t e r   e i g h t y   s p a c e c r a f t   o r b i t s   ( a  = 20,415.5 km) 
t h e   p o s i t i o n   e r r o r s  of t he   spacec ra f t   and  Deimos a re   abou t  4 km. 
Because few s i g h t i n g s  of  Phobos (% 10) occur ,  i t s  computed p o s i t i o n   h a s  
a p p r o x i m a t e l y   t w i c e   t h i s   e r r o r .  

The lower   ha rmon ics ,   i . e . ,   t he   coe f f i c i en t s   o f   t he   Legendre  
func t ions  of degree  two,  are  quite  well   determined  by  the  measurements,  
bu t   the   h igher   harmonics   a re   no t .   This   occurs   no t   because  of  a d e f e c t  
i n   t he   measu remen t ,   bu t   because   o f   t he   r e l a t ive ly   h igh   a l t i t ude  of t he  
th ree   bod ie s   and   t he   r e l a t ive ly  small va lues  assumed f o r   t h e   h i g h e r  
c o e f f i c i e n t s .  

Not on ly   a re   the   h igher   harmonics  poor.1.y determined  by  the 
measurements,  but i f   t hese   ha rmon ics   a r e  assumed known and the  assumed 
v a l u e s   a r e   s l i g h t l y  i n  e r ro r ,   t hen   on ly   sma l l   deg rada t ion  i s  t r ansmi t t ed  
t o   t h e   s o l v e d   f o r  unknowns. Also, t h e   e f f e c t  of  an e r r o r  i n  t he  mass 
of Mars does   no t   increase  as a longer  data  g a t h e r i n g   i n t e r v a l  i s  used. 

A t t i t u d e  and Moon Direct ion  Determinat ion 

Both  the  accuracy of a t t i t u d e   d e t e r m i n a t i o n  and t h e   d i r e c t i o n  t o  
a moon a r e   f u n c t i o n s  of t h e  d e t e c t a b l e  s t e l l a r  background.  Xorcover, 
the   accuracy  of i hc  moon d i r e c t i o n  i s  a funcL:i.on of i t s  p o s i t i o n   i n  
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t h e   f i e l d  of view. In   genera l ,   the   p roposed   ins t rument   can   de te rmine  the 
a t t i t ude   t o   an   accu racy   o f   app rox ima te ly   t h ree   minu te so f  arc and t h a t  of 
t h e   d i r e c t i o n   t o  a moon to   app rox ima te ly   f i ve   minu te s  of arc.   These 
e r r o r  estimates can  be  reduced  for   the same i n s t r u m e n t   i f  a less  compli-  
c a t e d   a t t i t u d e   m o t i o n  model were al lowed.   That  is ,  i f  i t  were allowed 
t o  a s sume   t he   a t t i t ude  were c o n s t a n t ,   o r   v a r i e d   l i n e a r l y   f o r  a time 
in t e rva l   l onge r   t han   f i ve   minu te s .  

Ins t rumenta t ion  

A f eas ib l e   s enso r   des ign  was derived  which  has  the  dynamic  range 
c a p a b i l i t y  t o  d e t e c t   t h e  moons of Mars as well  as stars a s  dim a s  
2 .2  magnitude.  Primary  components  for  the  sensor  consist   of a 
s u n s h i e l d ,   r e f r a c t i v e   o p t i c s ,  s l i t  r e t i c l e ,   p h o t o m u l t i p l i e r ,   a n g l e  
encoder ,   and  brushless  D. C.  motor. The s u n s h i e l d ,   o p t i c s ,  and 
s l i t  r e t i c l e  form  an  assembly  which i s  r o t a t e d   w i t h  a s ix ty   second 
per iod .  The o v e r a l l  power requirement i s  7 . 9  wa t t s  and   the   en t i re  
instrument   weight  was determined as seven  poands.  Analysis showed t h a t  
i n s t rumen ta t ion   e r ro r s   cou ld  be kept   wi th in   the  limits imposed f o r   t h e  
c a l c u l a t i o n   a c c u r a c i e s   r e q u i r e d   f o r   c a l c u l a t i o n  of spacec ra f t  and moon 
o r b i t s   a s   w e l l   a s   t h e  Mars p o t e n t i a l .  
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APPENDIX A 

EXPLICIT FORMULAS FOR U(u , T) and V(u , 7) 

I n  the   ana lys i s   conce rn ing   t he   "Pe r tu rba t ions   o f   t he   Spacec ra f t  Due 
to t h e  Moons", two matrices, U(u, T) and V(u, T) were introduced.  The 
f i n a l   e q u a t i o n  (7) f o r   t h e s e   p e r t u r b a t i o n s  w a s  a func t ion  of these   ma t r i ces .  
As g i v e n   i n   t h e   t e x t ,  

\ O  0 

where 
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‘1 = a12 - a14 

‘2 - =22 - a24 
- 

The equations for c y l y  aZy bly   bZy clY and c 2 a r e  as  follows: 

as6(t)  = - sin v r 
P 

b l ( t )  = -e s i n  v 
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b2(t) = r 

c , ( t )  = - e 
1 3 - e  s in  v 

where r and v are  functions of t .  
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APPENDIX B 

DETERMINATION OF USABILITY OF 'i; AS A POSITION 
OF 

OBSERVATION IN TKE PRESENCE OF A SUNLIT HEMISPHERE 

We are g iven :   ( f i gu re  41) 

n 

s d i r e c t i o n   t o   s u n  

P p o s i t i o n  of observer  

c d i r e c t i o n  of o p t i c a l   a x i s  

r r a d i u s  of sphere   cen tered  a t  (0, 0 ,  0) 

p minimum a c c e p t a b l e   a n g l e   t o   s u n l i t   s p h e r e ,  B > 0 

- 
n 

A 

Figure .41 :  Geometry of t h e  sunl i t   h2rn isphere .  
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/ 

Cons ide r   t he   s e t   o f  a l l  po in t s  on the  sunl i t   hemisphere  and  denote  
t h i s  se t  as H. Let b be   the   angle   f rom  the   op t ic   ax is ,  E ,  t o  a l i n e   j o i n i n g  
the  terminus  of  i' w i t h  a poin t  of H. F i n a l l y ,  l e t  b be the  minimum va lue  
of d over   the  set  H,  and l e t  Ti be  the  vector   f rom tffe o b s e r v e r   t o   t h a t   p o i n t  
of H w h i c h   g i v e s   r i s e   t o  d . wow, w e  d e f i n e  H as u s a b l e   i f  dm 2 B .  Otherwise,  
i t  i s  not   usable14)  The  pr%lem is  t o   d e v e l o p  a c r i t e r i o n   a s   t o   w h e t h e r   o r  
no t  Y i s  uable .  

Two major   cases   mus t   be   cons idered   as   to   whether   o r   no t   the   pos i t ive ly  
e x t e n d e d   o p t i c a l   a x i s   i n t e r s e c t s   t h e   s h p e r e .   S u p p o s e  

F o r   t h i s   c a s e ,   t h e   p o s i t i v e l y   e x t e n d e d   o p t i c a l   a x i s   i n t e r s e c t s   t h e   s p h e r e .  
The d i s t a n c e   t o   t h e   s p h e r e   i n   t h e   d i r e c t i o n  of e i s  

and  the  vector   f rom  the  or igin  to   the  point  a t  which  the  extended  opt ical  
a x i s   f i r s t   i n t e r s e c t s   t h e   s p h e r e  i s  

Now , 

- 
B * 2 0 + 5 is  not   usable .  

- I f  5 . < 0 ,  a d d i t i o n a l   t e s t s   a r e   r e q u i r e d   t o   d e t e r m i n e   t h e  State of 
P ,  but  i f  any  point  of H i s  v i s i b l e  from the  terminus  of  P,  then Ti, l i e s  on 
the  boundary of H ,  i . e . ,  s A = 0. 

- 
m 

Define 

A p, such   t ha t  il ' = 0 and ;l = b1 s + p2 P, p2 2 0. 
- 

(4) The problem of d i r e c t   o b s c u r a t i o n  of  a moon by Mars is not   cons idered   here ,  
but is an   add i t iona l   t e s t   wh ich  i s  imposed la te r .  For  t h e   a d d i t i o n a l  t es t  
the  moon's p o s i t i o n  must a l s o  be given.  
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Hence , 

Also   de f ine  62 = s x pL Now, i f  r 7 'I; - bl, then no point  of H is  
A *  

v i s i b l e  from  the  terminus of P; hence,  P is  usable .  

Suppose r 5 P - pl. Then l e t  
- A  

cos  Q = - < 1, 0 < Q1 5 n. r 
1 - A -  

p P 1  

Define 

- A -  

A ( 0 )  = r c1 - P 

Now, A(Q)  is a vec tor   f rom  the   observer   to   tha t   por t ion   o f   the   boundary   o f  H 
which i s  v i s i b l e   t o   t h e   o b s e r v e r .  So, x is a member of  the set  x@). 

- 

m 

I f  2 - 5 I (A(0))  I cos B ,  f o r  - 0 < Q 2 Q1; then P i s  usable .   Other-  1 -  
- 

wise i s  not   usable .  

We now must  consider  the  second  major  case,  i.:. , t he   pos i t i ve ly   ex tended  
o p t i c a l   a x i s   d o e s   n o t   i n t e r s e c t   t h e   s p h e r e .  Hence, c - P > 0 or  D2 < 0.  

- 
- 

Consider a l l   p o i c t s  on t h e   s p h e r e ,   i . e . ,   t h e   s e t  r E- f o r   a l l   u n i t  

1 v e c t o r s  $. Let x = r r - P. Define 2 such that 
- 

Then , 
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where 

P c - ( ; . F ) F  2.- 
9 =  

IP2 ; - (; * P) PI - 

Let 

- 
- Now, suppose Q ^s 2 0 ,  then  the  terminus  of  l i e s  i n  H. Hence, 
A = x and P i s  u s a h l e   i f  1 

1 m  

Otheswise ? is not   usable .  

I f  c1 - < 0 ,  then &, l i e s  on t h a t   p a r t  of the  bourdary of H t h a t  i s  
v i s i b l e   t o   t h e   o b s e r v e r .  The problem is  thus   reduced   to  a previous case. 

A flow  diagram is  g i v e n   i n   f i g u r e  4 2 .  
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NO 

P is usable 

- YES - 5 cos 6 lAll 

Figure 4 2 :  Flow  chart  to  determine  the  usability of p. 
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APPENDIX C 

DETERMINATION OF T t E  INSTRUMENT MAGNITUDE OF MOONS 

Assume t h e  moons a r e   s p h e r i c a l   d i f f u s e   r e f l e c t o r s .  Then, 

8 a L 2 2 s i n  6 + (n - 6) cos b Hz- 
27 (r) n 

where  ( f igure 43)  

H = f lux   (wat t s /m ) a t  the   pos i t ion   o f   the   observer   due   to   sun  2 

r e f l e c t e d   l i g h t  from a moon of Mars 

a = moon albedo  (assumed 0 .1)  

L = f l u x  f rom  sun   i n   t he   v i c in i ty  of Earth  (watts/m ) 

p = r a d i u s  of moon 

r = distance  of   observer   f rom  moon’s   center  

4 = phase  angle   ( radians)  

L 

I f  we assume a d e t e c t o r   a t   t h e   o b s e r v e r  whose response i s  uni form  for  
.38 5 ?, 1. .6   microns,   then 

L = 418.1 watts/m 2 ( reference  18)  

The magnitude  of  the moon as seen  by  the  observer i s  then 
H 

m = - 2 . 5  log  - , where 
HO 

H = f lux  f rom a m = 0 s o u r c e   r e c e i v e d   a t  a de tec tor   behind  a l ens  
0 system  with 80% o p t i c a l   e f f i c i e n c y  

= 8.36 x 10-9 watts/m (reference  10,   p .  V - 3 )  2 



RADIUS p /.OBSERVER 

Figure 4 3 :  The phase   ang le ,  d .  

136 

. .. -~ 



REFERENCES 

1. Grosch, Charles B . ,  and  Paetznick,   Harlan R . :  Method of Der iv ing  
Orbi ta l   Per turb ing   Parameters   f rom Onboard O r b i t a l  Measurements 
of  an Ejec ted   Probe   or  a N a t u r a l   S a t e l l i t e .  NASA CR - 1412 , 1969. 

2. Lewis, William B . ,  and  Vannelli,   Bruce D.:  Self-contained  Navigat ion 
Experiment. NASA CR-105920, 1969. 

3 .  Redmond, John C . ,  and F i s h ,   F e r o l   F . :  The Zun i -T ida l   In t e rva l   i n  Mars 
and  the   Secular   Acce lera t ion  of Phobos. I c a r n s ,   v o l .  3 ,  no. 2 ,  
Ju ly   1964,  pp. 87-91. 

4 .  Enhanced Photo Shows Mars' Moon", Avia t ion  Week and  Space  Technology, 
May 25 ,  1970. 

5 .  B a t t i n ,   R i c h a r d  H . :  Astronaut ical   Guidance McGraw-Hill Book Go., I n c . ,  
1964. 

6.  Kochi, K. C . :  Exact  First-Order  Navigation  Guidance  Mechanization  and 
Error   Propagat ion   Equat ions   for  Two-Cody Reference  Orbi ts .  AIA4 
J o u r n a l ,   v o l .  2 ,  no.   2 ,   February 19GLt, p.  365. 

7 .  Har r i son ,  Edwin F. , and  Campbell,  Janet W.: Reconnaissance  of Nars 
Sa te l l i t e s .   Pape r   p re sen ted  a t  8th  Aerospace  Sciences  Meet ing,  
AIAA (New York, N e w  York) , January  1970. 

8. LaBonte,  Anton E . :  Study of a Scanning  Atti tude  Determination  System 
(SCADS) f o r  a Synchronous  Satel l i te .  NASA CR-100149, 1968. 

9.  Hansen,  Peter D.:  New Approaches to   the  Design of Act ivs   F i l . t e rc .  The 
Lightn ing   Empir ic i s t ,   Vol .  1 3 ,  no. 1 - 2 ,  Phi . lbr ick  Research,  I n c .  , 
1965. 

1 0 .   F a r r e l ,  Edward J . ,  Zimmerman, Duane C . ,  Nickel ,  Donald F . ,  and 
Borden,  Richard C . :  A Theore t ica l   Inves t iga t ion   of   Informat ion  
Limits  of Scanning  Systems. NASA CR-672, 1967. 

11. Nicke l ,  Donald F . ,  and  Grosch,  Charles B . :  F e a s i b i l i t y   S t u d y   o f  
Scann ing   Ce le s t i a l   A t t i t ude   De te rmina t ion  System f o r   S m a l l   S c i e n t i f i c  
Spacecraf t .  NASA CR-95807 , 1967. 

12. A l l en ,  C. W . :  Astrophysical   Quant i t ies .   TheAthlone  Press ,   1963.  

13. Mooers,  Alden J.: Breadboard  Design of a Scann ing   Ce le s t i a l   A t t i t ude  
Determination  System. NASA CR-91532, 1567. 

14.  Mityashev, R .  V . :  The Detzrminat icn of Time P o s i t i o n  or pulses in t h e  
Presence of Noise. >lacDonald  and Company, 1965. 

137 



,- 

15.  Yarzen, E.: Stochastic  Processes.   Holen-Day,  Inc. ,   1962. 

16.  Meisenholder, G.  W . :  P l a n e t   I l l u m i n a n c e   C a l i f o r n i a   I n s t i t u t e  of 
Technology.  Technical  Report No. 32-361,  1962. 

1 7 .  Smith,  Warren J. : Modern O p t i c a l  Engineering. McGraw-Hill Book Company, 
Inc. ,   1966.  

18. Handbook of Geophysics.  Revised  ed.,  Macmillan , 1961. 

13 8 

I, I 11.11 

NASA-Langley, 1971 - 21  CR-1805 

rAl 


